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FUCHSIAN GROUPS, QUASICONFORMAL GROUPS,
AND CONICAL LIMIT SETS

PETER W. JONES AND LESLEY A. WARD

ABSTRACT. We construct examples showing that the normalized Lebesgue
measure of the conical limit set of a uniformly quasiconformal group acting
discontinuously on the disc may take any value between zero and one. This
is in contrast to the cases of Fuchsian groups acting on the disc, conformal
groups acting discontinuously on the ball in dimension three or higher, uni-
formly quasiconformal groups acting discontinuously on the ball in dimension
three or higher, and discrete groups of biholomorphic mappings acting on the
ball in several complex dimensions. In these cases the normalized Lebesgue
measure is either zero or one.

1. INTRODUCTION

A classical result of Hopf says that the normalized one-dimensional Lebesgue
measure of the conical limit set of any finitely generated Fuchsian group is either
zero or one. This has been extended to infinitely generated Fuchsian groups, to
conformal and to uniformly quasiconformal groups acting discontinuously on the
unit ball in (real) dimension three or higher, and to discrete groups of complex
hyperbolic isometries of the unit ball in several complex variables. In this article
it is shown that this dichotomy does not hold for uniformly quasiconformal groups
acting on the unit disc in the complex plane. For each A with 0 < A < 1 we
explicitly construct a quasiconformal group, acting on the disc, whose conical limit
set has normalized one-dimensional Lebesgue measure equal to A. The main step
is to construct a doubling measure supported on the conical limit set of a certain
Fuchsian group, where this conical limit set has Lebesgue measure zero.

A group G of homeomorphisms of the unit disc, in dimension two, or of the unit
ball, in dimension greater than two, is said to act discontinuously if each point in the
disc or ball has a neighborhood U such that only finitely many of the images ¢g(U),
g € G, intersect U. The limit set L(G) of such a group is the set of accumulation
points of the orbit of the origin under the action of G. The same limit set is obtained
using any point in the disc in place of the origin. The discontinuity of G implies
that L(G) is a subset of the unit circle or sphere. A point x € L(G) is a conical
limit point of G if there is a sequence of orbit points which converges to x inside
a Euclidean cone with vertex at x, axis perpendicular to the circle or sphere, and
opening angle less than /2, so that the sides of the cone are not tangent to the
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circle or sphere. The conical limit set L.(G) of G is the set of conical limit points
of G.

A Puchsian group is a group of Mobius transformations which acts discontin-
uously on the unit disc D in the complex plane. For simplicity we assume that
the group has no elliptic elements. Hopf [H] showed that the conical limit set of
a finitely generated Fuchsian group has normalized Lebesgue measure zero or one.
This depends on whether the Poincaré series for the group converges or diverges at
the exponent 1:

0, if > gea(1—1g9(0)]) < oo;
Lot 3 eq( = 1g(0)]) = oo;

the result also holds for infinitely generated Fuchsian groups.

For Fuchsian groups, and for groups of M&bius transformations acting discontin-
uously on the n-dimensional ball when n > 3, there are several dichotomies which
are equivalent to the zero-one dichotomy for the normalized (n —1)-dimensional
measure of the conical limit set. The equivalence of the following conditions was
proved by Sullivan [S1, S2]J:

L. |LC(G)| =0;

2. the Poincaré series converges at the exponent n—1: 37 (1 lg(0)))" ! < oo;

3. Green’s function for the Laplace-Beltrami operator exists for the hyperbolic

manifold B"/G; and

4. the geodesic flow on B™ /G is transient.

(1.1) |Le(G)] = {

Otherwise, the conical limit set has full Lebesgue measure in the (n — 1)-sphere;
the Poincaré series diverges at the exponent n — 1; there is no Green’s function for
B"/G (that is, the integral of the heat kernel for B" /G does not converge); and
the geodesic flow on B™/G is recurrent and completely ergodic. See Nicholls’ book
[N2] for further information. Analogous results hold in several complex variables
[Kaml, Kam2, MW].

A homeomorphism ¢ : © — Q' of complex domains is called K-quasiconformal

if it is in the Sobolev class Wlif and its directional derivatives satisfy

(1.2) max |Ju¢(2)] < K min |Ja¢(2)]

for almost every z € Q. Geometrically, this means that for almost every z € €,
infinitesimal circles centred at z are mapped by ¢ to infinitesimal ellipses centred at
©(z), whose eccentricities are uniformly bounded below by 1/K. A quasiconformal
group is a group of K-quasiconformal maps acting discontinuously on the disc, for
some fixed K > 1.

One can define quasiconformal mappings in dimension n > 3 by generalizing the
geometric definition above, using spheres and ellipsoids instead of circles and el-
lipses. Garnett, Gehring, and Jones [GGJ], and independently Tukia [T3], showed
that results analogous to Hopf’s on the measure of the conical limit set and the
convergence of the Poincaré series at the exponent n—1 hold for uniformly quasi-
conformal groups when the dimension is at least three: If G is a group of K-
quasiconformal mappings acting discontinuously on the n-dimensional unit ball,
where n > 3, then

(1.3) ILe(G)| = {0’ if 32 cq(l—1g9(0)))" " < oo;

Lo if Y geq(I—[g(0))" ! = oo
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In this article we show that, in sharp contrast to the higher dimensional case,
there is no zero-one dichotomy for the normalized Lebesgue measure of the conical
limit set of a quasiconformal group acting on the two-dimensional unit disc.

Theorem 1.1. For each number X € [0,1], there is a quasiconformal group T' act-
ing on the unit disc such that the normalized one-dimensional Lebesgue measure of
the conical limit set of T is .

A doubling measure p on the circle is a positive measure satisfying u(I) < ¢ pu(T),
for some constant ¢ > 0, whenever [ is an arc of the circle and I is the arc with the
same centre and twice the length. Equivalently, u(I) < ¢/u(J) for some uniform
constant ¢/ > 0 whenever I and J are adjacent arcs of equal length.

Theorem 1.1 is a consequence of the following result:

Theorem 1.2. There exist a Fuchsian group G and a doubling measure p such
that the conical limit set of G has one-dimensional Lebesgue measure zero, and p
is supported on the conical limit set of G.

Our result is perhaps rather surprising given that Sullivan [S2] and independently
Tukia [T1] have proven that every K-quasiconformal group acting on the disc is
conjugate by a quasiconformal mapping to a Mobius group. The corresponding
statement is false in higher dimensions [T2]. On the other hand, boundary values
of quasiconformal homeomorphisms of the disc (in other words, quasisymmetric
maps) have much less regularity than is true in higher dimensions. If ¢ : B” — B"
is K-quasiconformal and n > 3, the restriction of ¢ to IB" is also K-quasiconformal
and hence lies in the Sobolev space W1m~1(9B"). In particular ¢|g~ takes sets of
(n — 1)-dimensional Lebesgue measure zero to sets of (n — 1)-dimensional Lebesgue
measure zero. Quasisymmetric mappings do not have this property. It is this lack of
regularity for quasisymmetric mappings that we exploit to construct our examples.

Theorem 1.1 is an easy consequence of Theorem 1.2. This argument, carried out
in Section 3, uses little more than the Beurling- Ahlfors theorem: A homeomorphism
f of the circle is the restriction of a quasiconformal mapping of the disc to itself if
and only if the distributional derivative % on the circle is a doubling measure.

Theorem 1.2 gives some information about the possible geometry of limit sets
and of sets which support doubling measures. Roughly speaking, the support of
a doubling measure must be rather evenly distributed. We give a Fuchsian group
whose conical limit set is evenly enough distributed to support a doubling measure,
even though it has zero Lebesgue measure. (In fact, the Hausdorff dimension of this
conical limit set is strictly less than one.) We construct a doubling measure that
is tailored so its support is in this small set. Such constructions were first carried
out by Kahane [K], and our method follows his philosophy, though the details are
necessarily more complicated.

As José Fernandez has pointed out to us, the Patterson-Sullivan measure associ-
ated to the group G is a natural candidate for the doubling measure of Theorem 1.2.
Unfortunately, certain technical difficulties are encountered in this approach, and
we have not yet understood how to overcome them.

It is interesting to note that the result of Theorem 1.2 cannot be achieved if the
quasisymmetric map associated to the doubling measure p is in the Teichmiiller
space of the group G, or if G is finitely generated. The first statement follows from
the fact that the existence of Green’s function is a quasiconformal invariant. If G
is finitely generated and of the first kind, then L.(G) has full measure in the unit
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circle. If G is finitely generated and of the second kind, then 0D \ L.(G) contains
an arc, and so L.(G) cannot support a doubling measure.

Section 4 contains a brief summary of our proof of Theorem 1.2. A detailed
outline of the proof, including a full model calculation, can be found in MSRI
Preprint No. 1996-024.

The rest of this paper is organized as follows. In Section 2 we give some defi-
nitions and notation. In Section 3, we prove Theorem 1.1 as a corollary of Theo-
rem 1.2. In Section 5 we establish some basic properties of the Fuchsian group G
used in our proof of Theorem 1.2. In Section 6, we prove that a certain simple con-
struction yields doubling measures which are supported on small sets. Sections 7
to 11 contain the construction of our doubling measure, up to the specification of
some parameters. In Section 7 we fix a set of fundamental domains in the univer-
sal cover D of the Riemann surface D/G. In Section 8 we define a collection of
Whitney intervals in the Riemann surface, and establish some properties of its lift
to the universal cover. In Section 9 we construct a grid of intervals in the circle,
on which our doubling measure will be built. Section 10 contains estimates which
control the geometric distortion caused by the covering map. In Section 11 we
define a sequence of density functions which, by the lemma in Section 6, yields a
doubling measure. In Section 12 we define some auxiliary functions and outline
the rest of the proof. Sections 13 and 14 contain estimates of the expectation and
second moment, with respect to the doubling measure, of the auxiliary functions.
In Section 15, an argument involving a constrained random walk on the Riemann
surface, together with the estimates of the previous two sections, proves that the
measure is supported on the conical limit set of G.

It is a pleasure for the second author to acknowledge the support of MSRI during
the time when this manuscript was being prepared for publication.

2. DEFINITIONS AND NOTATION

The conical limit set is also known as the radial or non-tangential limit set. Hed-
lund [He] introduced conical limit points in connection with his study of horocyclic
transitive points. The conical limit set may be characterized in terms of spherical
caps. A spherical cap on a point z in the unit disc D is an arc of the unit circle 9D
of the form

(2.1) Cap (z,a) = {y € oD ’ ly —z| <a(l- |:E|)},

where 1 < a < co. A non-tangential cone on a point y € 0D is a subset of D of the
form

(2.2) Cone (y,b) ={z €D ||y — x| <b(1—|z|)},

where 1 < b < co. Clearly y € Cap (z,a) if and only if © € Cone (y,a). Non-
tangential cones are comparable to the Euclidean cones discussed in the introduc-
tion, in the sense that each such Euclidean cone contains a non-tangential cone and
is contained in a non-tangential cone. It follows that y is the non-tangential limit
of {g;(0)}32, if and only if there is an a such that y lies in infinitely many spherical
caps Cap (g;(0),a). Taking a countable union over wider and wider opening angles
of the cones, the conical limit set is given by
o0 o0 o0
(2:3) Lo(G) = J (N U Cap (9;(0).D).

1=2 k=1 j=k
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A set K in the complex plane is uniformly perfect if there is a constant ¢ > 0
such that, for each zp € K and for all r such that 0 < r < diam K,

(2.4) Kn{z|er<|z—z| <r}#0.

(Here diam K is the diameter of K.) In other words, there is an upper bound on
the moduli of annuli lying in the complement of K.
The Poincaré series for a discrete group G is the series

(2.5) S0 - Ig(0)))*,
geG

where s is positive. There is a critical exponent & = 6(G), called the exponent of
convergence, such that the series converges for all s > ¢ and diverges for all s < §.

Let © be a domain in C, let E be a Borel subset of 99, and let z be a point in .
The harmonic measure at z of E in § is the Perron solution w(z) = w(z, E,Q)
of the Dirichlet problem in € for the boundary values 1p. As a function of z,
w(z, E,Q) is harmonic in Q. For fixed z, w(z, E,Q) is a probability measure on
0Q; w(z, E,Q) is the probability that a Brownian traveller from z first hits 9Q in
the set E. Harmonic measure is monotonic in the domain €: if z € Q1 C 3 and
E C 9Q1 N 0N, then w(z, E, Q1) < w(z, E,Q). It is also monotonic in E: if
E, C Ey C 09, then w(z, E1,Q) < w(z, Ea,Q).

The hyperbolic metric on the disc D is given by the element of arclength ds =
ﬁ|dz| The Mobius transformations g : D — D are the isometries for this
metric. They are of the form

(2.6) g(z) =e

where 6 € [0,27] and 29 € D. The hyperbolic geodesics are the orthocircular arcs:
that is, arcs of circles which meet the unit circle 9D at right angles. The hyperbolic
distance from 0 to a € D is

i0 Z_ZO
1—702’

|al

2 1+ |al
2.7 dhyp(0,a) = [ ———5 |dz| =1 .
( ) hyp( 70‘) /1—|Z|2| Z| Og|:1_|a|:|
0

Let Q be a domain in C whose universal covering space is the disc, and let 7 : D —
be the covering map. The hyperbolic metric on ID can be projected via 7 to a metric
on Q given by Aq(w)|dw| = Aq(7(2))|7'(2)||dz| = ﬁwd, where w = 7(z). The
boundary 012 of Q is uniformly perfect if and only if there is a constant c¢q > 0 such
that the function \q satisfies

CQ 2
— <\ <.
st (w.09) = ) = G a0
See [BP, Po2]. Here dist denotes Euclidean distance.

In dimension two, there is a connection between quasiconformal maps and dou-
bling measures. Let ¢ : C — C be a K-quasiconformal map which preserves the
upper half plane. Then ¢ maps R to itself, and the restriction f of ¢ to R is an
increasing homeomorphism which satisfies

1 _Ja+0-1@ _
M = f(x) = f(z —t)

with a constant M depending on K, for all x € R and all ¢ > 0. Functions with this
property are called M -quasisymmetric. Quasisymmetry is a necessary and sufficient

(2.8)

(2.9)
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condition for an increasing homeomorphism f of R to be the boundary values of
a quasiconformal mapping which preserves the upper half plane [BA]. Note that
different quasiconformal mappings may have the same boundary values.

Let f : R — R be an increasing homeomorphism. Define a measure p on R
by setting u([a,b]) = f(b) — f(a) for intervals [a,b]. Then f is M-quasisymmetric
if and only if p satisfies 1/M < p(I)/pu(J) < M whenever I and J are adjacent
intervals of equal length. In other words, f is M-quasisymmetric if and only if u is
doubling.

To summarize, there is a many-to-one correspondence between quasiconformal
self-mappings of the upper half plane and doubling measures on the real line. There
is a similar correspondence between quasiconformal self-mappings of the disc and
doubling measures on the circle.

Some references for the material above are [N1] and [L].

Two quantities A and B are comparable, denoted A ~ B, if there is a constant
¢ > 0 such that %B < A< c¢B. We also write A ~ B if A and B are comparable
with constant ¢. Throughout the paper we normalize Lebesgue measure so that the
unit n-sphere has measure one.

In the figures we denote the unit circle 9D by S*.

3. PROOF OF THEOREM 1.1 ASSUMING THEOREM 1.2

Fix a number A with 0 < A < 1. Let p be the measure given by Theorem 1.2,
and take ¢ > 0 such that p(2I) < cp(l) for all arcs I in the unit circle 9D. Set
v(-) = Au(-) + (1 — N)| - |, where | - | denotes normalized Lebesgue measure on 9D.
Then v is a doubling measure on the circle since, for each arc I in 9D,

v(2I) = A p(2D) + (1 — ) 2|
(3.1) <cApI)+2(1—-N) ||
< max (¢, 2) v(I).

The measure v assigns the fraction A of its mass to the conical limit set of G.

Define f : 0D — 9D so that v([a,b]) = f(b) — f(a) for all arcs [a,b] in OD.
f is a quasisymmetric mapping of the circle to itself, and |f(F)| = v(FE) for any
measurable subset F of the circle. The map f may be extended to a quasiconformal
mapping ¢ of the unit disc onto itself [BA, DE] and further to a quasiconformal
self-mapping of C. Conjugating the Fuchsian group G of Theorem 1.2 by ¢ yields
a quasiconformal group I' = ¢ o G o ¢! which acts on the disc.

It remains to show that the conical limit set of I" is the image under ¢ of the
conical limit set of the Fuchsian group G. This is a special case of a much more
general fact; see [M] for example. We give a direct proof. It is sufficient to show
that a quasiconformal map ¢ : D — D maps any non-tangential cone into an-
other non-tangential cone, perhaps with larger opening angle. Since ¢! is also
quasiconformal, this implies that L.(T') = ¢(L.(G)).

Define the cross ratio of any four distinct points «, 3, 7, and ¢ in C by

la—~| B4
3.2 T=la,B,7,0| = . ,
(32) 8101 = =] 15—
with the convention that if 6 = oo,
(3.3) o, 8,7, 00] = 12211

13—l
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Let ¢ : C — C be K-quasiconformal. Let o(7) = |p(a), 0(8), ¢(7), ¢(8)]. Viisild
has shown [V] that there is an increasing function @k : (0, 00) — (0, 00), depending
only on K, such that ¢(7) < ®g(7) for all 7.
Let z be a point in Cone (y,a) = {z € D | [z —y| < a (1—|2|)}, where y is a point
indDand 1 < a < co. Let w be the point in 9D such that 1—|p(2)] = |o(w)—e(z)].
Suppose ¢~ !(c0) = oo. Then

lo(w) =) _ lely) — o)l
L=]e(2)]  [e(w) = ¢(2)|

< O (ly,w, z,00()
ly — 2
3.4 =
(34) K<|w—z
ly — 2|
< d
= K<1—m
S (I)K((l).

Here the second last inequality holds because |w —z| > 1—|z| and @ is increasing.
Therefore ¢(z) lies in Cone (p(y), Px(a)).

Now suppose ¢~ !(c0) # co. Let w and y be any two points in the unit circle.
Since p~1(00) is not in the closed unit disc, we have

_ 2 _
(35) w7 (o) < 250y - 1 (o0)
where d = dist (971 (c0), D) > 0. Then

lo(y) — o) _
o) le(y), p(w), p(2), o0

< Ok (ly,w,z,¢ ' (c0)))

(3.6) :@K(w—%lww—w—%mn)

=2l Ty = ¢ (o0)]
§¢K(w—zhziﬂ)

1—1z] d
2+d
S@K(a- d )
2+d

Hence ¢(2) lies in Cone (¢(y), P (a - =5%)).

It follows that L.(T') = ¢(L.(G)), and |L.(T)| = |¢(L(Q))| = v(L:AG)) = A
In other words I' is a quasiconformal group, acting on the unit disc, whose conical
limit set supports the fraction A of the mass of Lebesgue measure on the unit circle.
This completes the proof of Theorem 1.1.

4. A BRIEF OUTLINE OF THE PROOF OF THEOREM 1.2

Theorem 1.2. There exist a Fuchsian group G and a doubling measure such that
the conical limit set L.(G) of G has one-dimensional Lebesgue measure zero, and
the doubling measure is supported on L.(G).
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In this section we summarize the proof of Theorem 1.2. A much fuller outline,
including a full model calculation, can be found in the MSRI preprint (No. 1996-
024) of this paper.

Let K C [0,1] be the ternary Cantor set, and let Q = C\ K be the complement
of K in the extended complex plane. Let G be the Fuchsian group, acting on
the disc D, which uniformizes 2. In other words, G is the covering group of 2
and D/G is conformally equivalent to Q. Let 7 : D — Q be the covering map,
normalized so that 7(0) = oo. The conical limit set L.(G) is the set of non-
tangential accumulation points of the orbit {g(0)}4e¢. For this group G, the conical
limit set has measure zero. (See Section 5.) Our aim is to construct a doubling
measure which is supported on L.(G).

We make a Whitney decomposition of the complement of the Cantor set K in
the real line. We construct a tree in the disc, whose vertices are the lifts of the
Whitney intervals via the covering map. The adjacency relations in the tree, in
other words which pairs of vertices are connected by edges, are determined by a
construction on the Riemann surface 2. We obtain the measure p as the hitting
probability, on the circle, of a random walk on the tree.

The main issue is to show that it is possible to fix the probabilities of the indi-
vidual steps along the edges of the tree so that (1) the hitting probability measure
is doubling, and (2) it is supported on the conical limit set of G.

5. CHOICE OF THE FUCHSIAN GROUP

Let K C [0,1] be the ternary Cantor set. Let = C\ K be the complement
of K in the extended complex plane. 2 is an infinitely connected planar Riemann
surface. Since K = 0f) contains more than two points, the universal covering
space of Q is the unit disc D, and © is conformally equivalent to D/G, where G
is a Fuchsian group. We choose this infinitely generated Fuchsian group G as our
example.

In this section we show that the conical limit set L.(G) of G has one-dimensional
Lebesgue measure zero, and moreover the Hausdorff dimension of L.(G) satisfies
1/2 < dim (L.(G)) < 1. The remainder of the paper is devoted to the construction
of a doubling measure which is supported on L.(G).

Since K has positive logarithmic capacity, Green’s function exists for 2, and the
result cited in the introduction on the measure of the conical limit set of a Fuchsian
group implies that |L.(G)| = 0. Ferndndez [F] has shown that if the boundary
0 of a planar domain € is uniformly perfect, then the exponent of convergence
of the corresponding Fuchsian group is strictly less than one. The Cantor set K
is uniformly perfect. For Fuchsian groups the exponent of convergence is equal to
the Hausdorff dimension of the conical limit set [Pal, S1]. (See also [BJ], where
this is proved in much greater generality.) We may therefore conclude that in fact
dim (L.(G)) < 1.

A Fuchsian group G is of fully accessible type if there is a measurable funda-
mental set B C ID for the action of G on dD. In other words, B contains no
two G-equivalent points, and JD is a.e. equal to the union of the G-images of B:
> gec|9(B)] = 1. G is of accessible type if there is a measurable set B C 9D,
containing no two G-equivalent points, such that > . [g(B)| > 0.

The normal fundamental domain Fy (see Section 7) for = C\ K has the
property that |0Fy N dD| = 0. We outline the well-known proof. The covering
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map 7 takes OFy to [0, 1]. Since dF is a rectifiable curve, m preserves sets of zero
length. (This is the F. and M. Riesz theorem; see [Po3].) Since K has Lebesgue
measure zero, 0Fg N7~ 1(K) = 0Fy N ID has measure zero.

This implies that the group G is not of accessible type [Pol]. On the other hand,
Patterson [Pa2] showed that if §(G) < 1/2, then G is of fully accessible type. It
follows that our group G must have 6(G) = dim (L.(G)) > 1/2.

6. A LEMMA ON DOUBLING MEASURES

In this section we follow the philosophy first laid out by Kahane [K] to construct
doubling measures on an interval Iy. Our measure is the limit of a sequence of
measures whose densities are step functions. In Lemma 6.3 we show that mild
conditions on these step functions ensure that the limit measure is doubling.

Simple constructions of this type can yield doubling measures which are sup-
ported on very small sets. In particular there are examples of such measures which
are supported on sets of arbitrarily small, but positive, Hausdorff dimension. Such
a measure is equivalent to the derivative of a quasisymmetric mapping that takes a
set of small Hausdorff dimension to a set of full one-dimensional Lebesgue measure.

The two interrelated ingredients of this construction are a grid of nested subin-
tervals of Iy, and a sequence of suitable density functions.

Definition 6.1. A grid of subintervals of an interval Iy is a collection H = | J,—, Hn,
of subintervals of I satisfying

1. H() = I();

2. for eachn > 0, the intervals in H,, have disjoint interiors, and [Io\U; <4, | = 0;
and

3. for each n > 1, for each interval J € H,, there is an interval I € H,,_1 such
that J C 1.

The collections H,, are called the layers of intervals in the grid H.

Definition 6.2. A function F' defined on a interval I is a step function if it is
constant on each interval in some finite or infinite partition of I. We say F' is
(6,n)-suitable for I if F is a step function satisfying

1. ﬁle(:z:)darz 1;

2. 0<d < F(zx) <1/6 for all z € I; and

3. F(x) =1 on subintervals I; and I,. of I such that I; has the same left endpoint
as I, I, has the same right endpoint as I, |[;| > n|I|, and |I.| > n|I|.

See Figure 1.

Fix an interval Iy, and numbers § and 7 such that 0 <6 <1 and 0 <n < 1/2.
We construct a sequence {u,} of measures on Iy, whose densities are of the form
dpy, = Fp(x) -+ Fi(x) de. We define the functions F,, simultaneously with a related
grid H of subintervals of Iy. Each F, is (4, n)-suitable for each interval from the
(n — 1) layer ‘H,,_1 of the grid.

Let 1o be Lebesgue measure on Iy. Let Fy be any function which is (8, )-suitable
for Iy. Define py by duy = Fi(x)dz. Since Fy has mean value one on Iy, p1 has
the same total mass as pg. Take any partition of Iy into subintervals J such that
F is constant on each J. Note that we allow F} to take the same value on adjacent
J’s; the J’s need not be maximal. Also, there may be finitely or infinitely many
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y =F(X)

0 n 1n 1

FIGURE 1. F(x) is (d,n)-suitable for I = [0,1].

J’s. Let Hy, the first layer of intervals in the grid, be the collection of subintervals
in this partition.

We define the measures u,, inductively for n > 2. Suppose we have already de-
fined functions Fy,... , F,_1, measures p1,... , tn—1, and the layers Hy,... , Hp—1
of the grid. In particular, Fj,_; is constant on each interval I € H,,_;. Let F}, be
any function which is (4, n)-suitable for each interval I € H,,_;. Define u,, by

(6.1) dpyn, = Fp(z) dpp—1 = Fp(z) - - Fi(z) da.

Again, the fact that F,, has mean value one implies that u, has the same total
mass as fp. 1o define the next layer H,, of the grid, we partition each I € H,_1
into subintervals J such that F,, is constant on each J. Let H,, be the collection of
all these subintervals J.

Note that the collection H = U:;l ‘H,, of subintervals of Iy does form a grid
according to the definition above: each interval J € H, is contained in some
I € Hy,—1, and each layer H,, is a partition of I, so |Ip \ UIeHn I| =0 and the
intervals in H,, have disjoint interiors. Also, on each J € H,, u, is a constant
multiple of Lebesgue measure: du, = (un(J)/|J|) dz on J. Furthermore, the total
mass assigned to an interval J € H,, does not change after the n*™® step: pu,(J) =

pntr(J) = -

Lemma 6.3. Fiz an interval Iy and numbers § and n with 0 < § < 1 and 0 <
n < 1/2. Let {un} be a sequence of measures and H a grid of subintervals of Iy
as described above, so that for each n > 1, du, = F,(x)--- Fi(x)dz and F,(z) is
(6,n)-suitable for each interval I € H,—1. Then the sequence {u,} converges weakly
to a measure p on Iy which has the same total mass as po and which is doubling
with a constant depending only on § and 1.

Proof. The p,, are a sequence of measures, all with the same finite total mass, on
a compact interval Iy. Therefore there is a subsequence converging weakly to a
measure g on Iy with the same mass. It is an exercise to see that this limit measure
is unique; in other words the full sequence u, converges to p. The py-measure of
any interval I € H,, is given by u(I) = pn(I).



QUASICONFORMAL GROUPS 321

Let J and K be adjacent intervals, of equal length, contained in Iy. If, for each n,
the function F), is constant on J U K, then u(J) = p(K). Otherwise, let m be the
first integer such that F,, is not constant on J U K. In particular,

(6.2) (D) L pna (7)) = pmr () L ().
We show that pu(J) ~ pn(J) and p(K) ~ pm (K).

We may assume that F, is not constant on J. Let z € J be a point where the
value of Fj, changes. Then for each n > m + 1 there is a neighborhood of = on
which F,, = 1.

Let J, be the part of J to the right of z. If J,. does not contain any whole interval
from H, then F,, =1 on J, for all n > m + 1, and so u(J,.) = pm(J-). Otherwise,
let

(6.3) Lo =|J {Imj € Hom | Imj C 1}
J

Then p(Ly) = pim(Ly). (Therefore if J, consists only of whole intervals from H,,,
in other words if J, = L,,, then u(J,.) = pm(J;) and we are done.)

The function Fj,4; is constant on each interval in H,,4+1. Suppose there is an
interval Ip,41,; € Hp+1 which meets J,. \ £, and on which F, 41 # 1. The interval
I, 1 € Hy, which contains I,,,11,; is adjacent to £,,, or has x as its left endpoint in
case L, is empty, and it contains J, \ £,. Let I be the largest subinterval of I,,, ,
with the same left endpoint as Iy, x, on which Fj,,4; = 1. I is a union of intervals
in Hpt1, [ I| = 0| Imxl, and I C J, \ Ly, C Iy - Then

1(Jr \ L) 2 prms1 (1)
= Nm(I)
,Um(Im,k)
(6.4) = —|Im,k| ||
> nﬂm(Im,k)
>0 pm (e \ L),
and
(e \ L) < pn (I ke)
< ,Um(Im,k)
(6.5) T Lkl
=" pm (1)
< e (T \ Lon).

Therefore pu(Jr \ L) L b (Jr \ L), and so u(J;) L o ().

On the other hand, suppose there is no interval in H,,4+1 which meets J,. \ L,
and on which F,, 11 # 1. Then F,,,+1 = 1 on J,.\ L,,. If J,.\ £, contains an interval
Ims1,5 from H,,qq on which Fi,4q = 1, then the p-measure of I, ; is not only
equal to its p.,+1-measure but also to its p,,-measure. Let

(6.6) Lpmi1= U {Im+17j € Hms1 | Imt1,5 C Jr \ L Frny1 =1 on Im+1,j}
J

n |

be the union of all such intervals. £,,+1 is an interval to the right of the interval
L, and adjacent to it, if both are non-empty. Now p(Lyt1) = pn(Lms1). If
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Jr = Ly U Lyy1, then p(Jy) = pm(J-) and we are done. Otherwise, we have
reduced the problem to estimating the p-measure of J,. \ (L, U Lypy1).

Apply this argument to Jr\Un;; Ly, for i > 1, where L,,,1; is defined inductively
by

(6.7)

Lmti = U {Im+i,j € Hmyi

J

m—+i—1
Lntig C e\ ( U En) ; Frnpi =1 on Im+i,j} :

Suppose that for some integer ¢ > 1 there is an interval I4i41,; € Him+4i+1 Which
meets J, \ U?:t; L, and on which F,,4;+1 # 1. Let [ be the first such integer.
As in the case | = 1 above, let I,,1; % be the interval from H,,; which contains
Imti41,; and let I be the largest subinterval of 4 on which Fy,y41 = 1.
Then I C J,\ UZH,; Ly, C Iy and so, by the analogues of (6.4) and (6.5),

w(Jr) kY tm(Jr), and we are done.

On the other hand, suppose there is no such integer [ > 1. If the intervals £,, 1,
i > 1, exhaust J,., then p(J,) = um(J;), and we are done. Otherwise, J,\U,—, L,
is a non-empty interval which has the same right endpoint as J,. and which contains
no whole interval from H. So Fy,1; =1 on J; \ U,—,, £, for all i > 1. Therefore
w(Jr \ Unern £0) = i (Jr \ U, 2., Ln), and so p(J) = pm(Jy). This is the last

possible case; we have shown that u(J,) kY tm (Jr) in all cases.

The same argument shows that wu(J;) kY tm (Jp), where J; is the part of J to
the left of . Therefore u(J) kY o, (J).

If the function F), is not constant on the adjacent interval K, then u(K)
tm (K) by the argument above. Also, if F;, = 1 on K for all n > m + 1, then

u(K) kY tm (K). Otherwise, either F), is constant (although not necessarily = 1)

on K for each n > m + 1, or we let [ > m + 1 be the first integer such that F; is
not constant on K. In these cases it is enough to estimate the number of integers
n > m + 1 for which F,, = constant # 1 on K. We show that this number is

bounded by a constant ¢ = ¢(n). Then in the first case u(K) < tm (K), and in the

1/n
~Y

second u(K) ks i (K) & pi (K), where the constants ¢’ depend on ¢ and on 4.
Suppose there are at least k integers n; < --- < my greater than m for which

F,, = constant # 1 on the interval K. We may assume that K is to the right of
J. For each j with 1 < j <k, there is an interval I; € H,,; which contains K and
whose left endpoint lies in J. These intervals are nested: Iy D --- D I;. Let L;
(respectively R;) be the largest subinterval of I;, with the same left (respectively
right) endpoint as I, on which F,,;, = 1, and let M; = I; \ (L; U R;). Then
|M;| < (1—2n)|L;|, and I; C M;_; for 2 < j < k. See Figure 2.

Also, L1 C J and n|I1| < |L1| < |J|. So

(6.8) |K| < [My| < (1—=2n) [I| < (1 —2n) [My-1].
After k steps we see that
(6.9) (K| < (1=2p)" L] < (1 =2p)fn " [J] = (1 =20 n~"|K].

Therefore k < logn/log (1 — 2n).
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FIGURE 2. Graphs of F,,+1(z) and F,,,+1(x)

We have shown that u(J) ~ u(K), where ¢ depends only on & and 7, for every
pair J, K of adjacent intervals of equal length. In other words p is a doubling
measure, and the doubling constant depends only on § and 7. O

7. FUNDAMENTAL DOMAINS FOR {2

We begin the construction of the doubling measure by describing the fundamen-
tal domains for Q = C \ K, where K C [0, 1] is the classical ternary Cantor set. G
is the Fuchsian group such that D/G is conformally equivalent to ). G acts as the
covering group of ) on the universal covering space D of 2. Let 7 : D — Q be the
covering map; it is a many-to-one conformal mapping which takes each G-orbit in D
to a single point in 2. Normalize 7, by composition with a Mdbius transformation
of the disc, so that 7(0) = cc.

A fundamental domain for Q is a domain F in D such that F contains at least one
point from every G-orbit, and F contains no two G-equivalent points. The domain
Q = C\ K is a Denjoy domain; that is, it is the complement in C of a closed
linear set. Denjoy domains have fundamental domains which have a particularly
simple form; namely, they are orthocircular. This means that the boundary is of
the form 0F = FUJ,_; A,, where E is a closed subset of the unit circle 9D,
and the A,,’s (called orthocircular arcs) are disjoint arcs of circles which meet 0D
at right angles. The covering map takes the set OF N ID to 0F), and it takes the
orthocircular arcs comprising F \ 0D to the components of R \ 9. The images
{9(F)}gec are orthocircular domains which tile the disc. (See [RR]; they consider
the case where the boundary 02 has positive length, but a Denjoy domain 2 with
|0€2| = 0 also has an orthocircular fundamental domain F, with |0F N 0D| = 0.)

We refer to the images in the disc of the upper and lower half planes under the
branches of 7! as half fundamental domains for Q = C\ K. Each half fundamental
domain D is orthocircular. To fix ideas, suppose that 7(D) is the upper half plane.
The boundary R of the upper half plane lifts via 7! to the boundary of D. The
Cantor set K lifts to the closed subset 9D NJD of the circle, and the open intervals
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which are the components of R \ K lift to the orthocircular arcs in the boundary
of D.

We now fix a tiling of the disc by half fundamental domains for 2, together with
one fundamental domain for . Since 7(0) = 0o, one of the preimages under 7 of
the open interval R\ [0, 1] is a diameter v of D. Let D be the preimage of the upper
half plane whose boundary contains . Let D’ be the reflection of D in 7. D’ is
a preimage of the lower half plane. Then D U~ U D’ is a fundamental domain for
); it contains the origin; and it is symmetric with respect to the diameter v. We
denote this fundamental domain by Fy; it is, by symmetry, the normal fundamental
domain for Q. Its image under the covering map is 7(Fp) = C\ [0, 1]. Each open
interval in [0, 1] \ K lifts to two orthocircular arcs in 9F.

Tile the remainder of the disc, D\ Fp, by the half fundamental domains which
are the G-images of D and D’. These half fundamental domains are indexed in a
natural way by the number of orthocircular boundary arcs separating them from the
origin. Write Q; ; for any half fundamental domain which is adjacent to Fo; that is,
which is separated from the origin 0 by a single orthocircular arc. Similarly, write
1, for a half fundamental domain which is separated from 0 by n orthocircular
arcs in the boundaries of the half fundamental domains in the fixed tiling of D.

A note on orientation: we think of the direction from a point in the disc towards
the unit circle as down, and of the direction towards the origin as up. Terms
like below and above are to be understood in the same way; below means closer
to the unit circle. Given a half fundamental domain 2, ;, we refer to the large
orthocircular arc, denoted A, ;, which separates €, ; from 0 as the upper part of
the boundary of Qy ;, and to 08, \ A, ; as the lower part of the boundary of Qy ;.

Let A; = 0Fp \ OD be the union of the orthocircular arcs in the boundary of Fy.
Each arc A; ; C A, is the upper part of some 02, ;. For each n > 2, let A,, be the
union, over all 7, of the orthocircular arcs in the lower parts of the boundaries of
the Qn—l,j:

(7.1) A, = {U 01 \3@] \An_1.

The union A = [J;7 | A, is the collection of all orthocircular boundary arcs which
appear in the tiling of D\ Fp by half fundamental domains.

We show in Section 10 that the orthocircular boundary arcs are uniformly hyper-
bolically separated: the hyperbolic distance between any two of these arcs is greater
than a fixed positive constant. It follows from this observation that the boundaries
of the half fundamental domains are chord-arc curves, with a uniform chord-arc
constant. We will not need this fact, but we will need to show (Sections 13 and 14)
that certain subsets of the half fundamental domains are chord-arc with uniform
chord-arc constants.

8. WHITNEY DECOMPOSITIONS

In this section we make a Whitney decomposition of the components of R \ K,
and show that it lifts via 7—! to a Whitney decomposition of the orthocircular arcs
in the boundaries of the half fundamental domains in D. The intervals in this lifted
decomposition are the vertices in the tree described in Section 4.

The Cantor set K is formed by removing the open middle third (3,2) from

[0,1], then removing the open middle thirds (3, %) and (%,5) from the closed
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intervals [07 %} and [%, 1] which remain, and so on. We refer to the closed intervals
[071], [0, %}, [%, 1}, [07 %], [%, é], ... which appear in this procedure as closed
construction intervals of K.

A Whitney decomposition of an open interval L in R is a partition of L into
closed intervals J, with disjoint interiors, such that the Euclidean length of each
J is comparable to the Euclidean distance from J to the nearest endpoint of L.
In other words, there is a constant ¢ > 0 such that |.J| ~ dist (J,R\ L) for each
J. This also implies that for each point x in such an interval J, the distance
from x to R\ L is comparable to the distance from J to R\ L. The intervals J
in a Whitney decomposition are called Whitney intervals. We will also deal with
Whitney decompositions of orthocircular arcs; these are defined analogously, so
that the length of each Whitney interval in the arc is comparable to its distance
from the nearest end of the arc.

Write R\ K as a countable union of disjoint open intervals; let L denote any one
of these intervals. We now fix a Whitney decomposition of each component L of
R\ K.

First consider a component L = (a,b) of [0,1] \ K. L is an open interval of
length 37%, for some k > 1. Partition L into subintervals of length 37" n > 1,
as follows. For n > 1, let

Jp = b—3—"+1@ b—3-”B and
(8 1) n 2 b) 2 )
' _ —n|L| —n+1|L|
J_n—{a+3 2,a+3 5 |

Then J; is the interval whose left endpoint is the midpoint of L and which extends
two-thirds of the way towards the right endpoint of L; for n > 2, J, is the interval
whose left endpoint is the right endpoint of J,,—; and which extends two-thirds of
the way towards the right endpoint of L; and for n > 1, J_,, is the reflection of J,
in the midpoint of L. The intervals {Jip, }n>1 form a Whitney decomposition of L,
|J1n| = 2dist (Jin, K), and |Jg,| = 37" |L| = 37"~F,

Let N be a large integer; its value will be fixed below. It is convenient to
amalgamate the 2N intervals J_p, ..., Jy which are closest to the midpoint of L
into a single interval: Let

(8.2) Jo=J_nyU---UJp.

This interval has length |J.| = (1—37")|L|, and its distance from K is 27 1-37V|L],
so it satisfies [.J.| = 2 (3N — 1) dist (J.., K).

The intervals {Jin}n>n+1 and J, form a Whitney decomposition of L, with
constant 2 (3% — 1).

Now consider the remaining component L = R\ [0,1]. Fix the small number
o = (2-3V*+2)~1: the reasons for this particular choice will become apparent later.
Let

(8.3) Jo =R\ (0,14 0).
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Jo is an interval of large but finite hyperbolic length, which contains the point at
infinity. For n > N + 3, let

11 11
T [_iﬁ’ ‘53—4 , and
®4) 11 11
o=l 14
J { NGRS 3n—1]
Then Jyt3 = [—0,—0/3], and for n > N +4, J, is the interval whose left endpoint

is the right endpoint of J,—; and which extends two-thirds of the way towards
0. For n > N + 3, J_,, is the reflection of J,, through the midpoint of [0,1]. The
intervals {J+y, } n>n43 form a Whitney decomposition of [—¢,0)U(1, 14o], in which
|Jin| =3"" = 2dist (Jin, K)

Make the convention that

(8.5) o] = 1/3.

With this convention, the intervals {Jip}n>n43 and Joo form a Whitney decom-
position of L =R\ [0, 1], with constant 2 - 3V+3.

We use the phrase the Whitney decomposition of E\K to denote the collection of
Whitney intervals {J4p }n>n+1 and Je in the components of [0, 1]\ K, together with
the Whitney intervals {J1p}n>n+3 and Joo in R\ [0,1]. This decomposition will
remain fixed for the rest of the construction. We call the intervals {J1,} standard
and the intervals J. and J., non-standard.

The inverse 7' of the covering map lifts the components of R \ K to the or-
thocircular arcs J,, A, which appear in the boundaries of the half fundamental
domains in our tiling of D. 7! lifts the Whitney decomposition of R\ K to a
decomposition of | J,, Ay into closed intervals with disjoint interiors.

The main result of this section is that this is a Euclidean Whitney decomposition
of the orthocircular arcs J,, An.

Lemma 8.1. The Whitney decomposition of R \ K lifts via 7=! to a Whitney
decomposition of the orthocircular arcs |J,, An.

Proof. Since 02 = K is uniformly perfect, there is a constant cq > 0 such that the
function \q satisfies

CQ 2

— < <
Gt (w. ) = o)

50 S T K

for all w in Q, where the element of hyperbolic arclength in Q is ds = Aq(w) |dw|.
Combined with the relation |J| = 2dist (J, K) for standard Whitney intervals J,
this implies that fnyp(J) ~ 1 with a uniform constant for all standard J in
R\ K. Similarly, since the ratio |.J.|/dist (J,, K) is the same for all non-standard
intervals J., nyp(Je) ~ 1 for all such J.. Also, the hyperbolic length of J, depends
only on the constant o.

These observations imply that the intervals I in the preimage of the Whitney
decomposition of R\ K are all of comparable hyperbolic length, because the covering
map 7 preserves hyperbolic length. So 1/r < fluy,(I) < r for all I, where the
constant 7 depends on the uniformly perfect constant of K, on the constant of the
Whitney decomposition of R\ K, and on the choice of ¢ in the definition of J,.
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It follows that, for each I,
1

(8.7) 2 (1= la1l) < [ < 2re” (1 = [a1]),
where 27 is the endpoint of I closest to OID. Therefore the intervals I form a Whitney
decomposition of the orthocircular arcs J,, As. (]

9. CONSTRUCTION OF PALM LEAVES AND THE GRID OF INTERVALS

In this section we construct a grid H of subintervals of the unit circle, of the kind
described in Section 6. We already have a collection of Whitney intervals which
form a Whitney decomposition of the orthocircular arcs |J,, A, in the boundaries of
the half fundamental domains in the tiling of the unit disc. The idea is to project
these Whitney intervals onto the unit circle, using a projection map P defined
below. The projections of the intervals in A, form the n*® layer H, of the grid.
Heuristically, the projection P is almost radial projection. Let ~ denote the inverse
of the projection P: given a grid interval I, T denotes the unique Whitney interval
in {J,, A, such that P(T) = I.

Recall that A; = 0F;\ 0D is the collection of orthocircular arcs in the boundary
of the fundamental domain Fy which contains the origin; and that for n > 2, A,
consists of the collection of orthocircular boundary arcs, from the tiling of D \ Fy
by half fundamental domains, which are separated from 0 by exactly n — 1 other
orthocircular boundary arcs.

In order to define the projection P, we make a construction in Q = C\ K and
lift it to the disc via 7~!. An outline follows. Given any Whitney interval Ic A,
we must specify which of the intervals fn+17k C Aj,41 should project via P to
subintervals of P(I). (In terms of the tree described in Section 4, whose vertices
are the Whitney intervals in (J,, Ay, we are now specifying the adjacencies between
vertices; in other words which pairs of vertices are connected by edges.) Let A, ;
be the orthocircular arc containing I, and let 1,,; be the half fundamental domain
below A,, ;. The covering map m maps Ttoa Whitney interval J in R\ K; it maps
A, j to the component L of R\ K which contains J = 7(I ); it maps Q,, ; to either
the upper or lower half plane; and it maps 9, ; to R. See Figure 3.

To each interval J in the Whitney decomposition of L we associate an interval
E; C R\ L, in such a way that the E; for all J in L have disjoint interiors and
their union is R\ L. (The rest of this section contains precise definitions of these
intervals E;.) These intervals E; are of a certain form; in particular, for most J
the Euclidean length |E;| is a large fixed multiple of |J|, and the endpoints of E;
always lie in the Cantor set K.

Let I be the segment of 08, ; such that 7(I) = Ey. T lies in the lower part
of the boundary of €, ;, and its endpoints lie in the unit circle. Let P(I) be the
arc of the unit circle which has the same endpoints as I and which lies below 1.
With this definition the intervals fn+17k C Ay,11 whose projections P(IAn+17k) are
contained in P(f ) are precisely those intervals fn+17k which are contained in 1.

The projections {P(IAHJ)}J of the Whitney intervals fnyj in A, constitute the
n'™ layer H, of the grid of subintervals of the circle. With the definition of P
outlined above, each interval P(IAn+17k) in H,41 is contained in some P(fn,j) from
the previous layer H,,. Also, since the intervals E; have pairwise disjoint interiors
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L

F1GURE 3. Fan of palm leaves A; based at the Whitney intervals

~

J=m(l) in L; and a preimage in D of one leaf A;

for all J in each L, the P(fmj) at the n'® level have pairwise disjoint interiors.
Finally, by the remarks in Section 5 above, the part of 9D below the orthocircular
arcs in A,, has full Lebesgue measure in OD for each n > 1, s0 Uz 4 P(I) has full
Lebesgue measure in dD for each n > 1. In other words, the union of the intervals
P(IA ) in H,, covers I, up to a set of measure zero. Thus the layers H,, of intervals
form a grid H of subintervals of D, according to the definition in Section 6.

If R is a segment of the boundary of some half fundamental domain Qy_;, con-
sisting of a collection of whole Whitney intervals {IAHH, k 1k, possibly together with

a subset E of 0€;, ; N JD, then we define P(E) to be EU U, P(Ln+1,k)-

We now give the details of the construction of the grid H of intervals, in particular
defining the intervals E associated to the Whitney intervals J in R\ K. Let N > 1
be the same large integer as in the previous section. Until the last part of the paper
we regard N as fixed, and we make all our geometric constructions using this fixed
value.

Let L be a component of R\ K. We define a decomposition of the upper half
plane into infinitely many regions A ;, indexed by the Whitney intervals J in L. See
Figure 3. We refer to these regions as palm leaves based at the Whitney intervals J
in L, and to the collection of these regions as a fan of palm leaves, based at L. The
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F1GURE 4. Standard palm leaf Ay for J = Jy41. Not to scale:
|Es| =2-3N]J| and N > 1.

boundary of the leaf A; based at the Whitney interval J consists of two intervals
in R, J itself and E;, together with two non-intersecting semicircles which join the
endpoints of J to the endpoints of E; and which meet R at right angles. We call
J the base and E; the tip of the leaf A ;. The union over all J in L of the intervals
Ej covers R\ L.

Once the entire construction of the fans of palm leaves is complete, we reflect
them in the real axis to obtain analogous fans in the lower half plane.

We distinguish two cases: when the interval L is a component of [0, 1] \ K, and
when L =R\ [0, 1].

Case 1. Let L be a component of R\ K which lies in [0, 1] and has length |L| =
37! for some integer [ > 1. Write L = (a,a + 37'). Let K; = [a — 37!, a] and
K, = [a+ 37" a+ 2 37! be the closed construction intervals of K of length
|K;| = |K,| = |L| = 37! such that K; is immediately to the left of L and K, is
immediately to the right of L. The Whitney intervals in L are enumerated from
left toright as ... ,J_n_2,J-Nn-1,Jc, IN+1, IN+2, ... Recall that |Jy,| = 37"|L|,
forn > N+ 1, and |J.| = (1 —3"M)|L|.

We refer to the Whitney intervals Ji, in L such that n > N 4 1 as standard
intervals. For each standard interval J we define a leaf A; based at J such that the
tip E; of the leaf has length |E;| = 2-3V|.J|. We begin with the standard Whitney
interval Jy 1, which has length |Jy 1] = 37V ~1|L| and is in the right half of L.

Let Ej,,, be the closed interval which has the same right endpoint as K, and
whose length is two-thirds the length of K,.. Ej, , consists of a closed construction
interval of K and the closure of an adjacent open interval in [0,1] \ K of the same
length. Now |Ey,.,| = 2|K,| = 2|L| = 2 - 3N Jy11| = 2- 3V |Jn41]. Join the
left endpoint of Jy11 to the right endpoint of Ej,, , by a semicircle in the upper
half plane. Join the right endpoint of Jy 1 to the left endpoint of E;, , in the
same way. Let the leaf Ay, , be the region in the upper half plane bounded by
Jn+1, By, and the two semicircles. See Figure 4.

Consider the next standard Whitney interval Jyo; it has length 3=V ~2|L| and
is immediately to the right of Jyy;. Construct the leaf Ay, , and its tip By,
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exactly as for Jyy1: Let Ejy,, be the right two-thirds of K, \ Ej,.,, and join
the endpoints of Jy 2 to those of Ky, , by semicircles. The leaf Az, , bounded
by Jyi2, Ejy,,, and these semicircles is a copy of A, ,, shrunk by a factor of
one-third. The smaller semicircle in the boundary of A, is the larger semicircle
in the boundary of A, ,. Clearly |E . ,| =23V |Jnyo|.

Repeat this construction for the intervals Jyix, K > 1, obtaining a sequence
of leaves Ay, ,, based at Jyj which satisfy [Ej,,,| = 23" |Jyyx|. The leaves
Ajy., are all congruent to each other via dilations by powers of three. The intervals
Ejy., k> 1, have disjoint interiors and their union is K., the closed construction
interval of length |L| to the right of L.

Define leaves A;_,_,, k > 1, for the standard intervals at the left end of L,
by reflecting the leaves Ay, , through the perpendicular bisector of L. The leaf
Aj__, based at J_pn_y is the mirror image of the leaf Ay, , based at Jy;%. The
intervals Ey_,_,, k > 1, cover K, the closed construction interval of length |L| to
the left of L.

We refer to the leaves we have just constructed for the standard intervals Ji (1),
k > 1, as standard leaves, and to their tips as standard E;’s. We also refer to any
grid interval I such that J = w(f ) is standard as a standard grid interval. For any
standard leaf Ay, |E;| = 2-3V|J|; the endpoints of E; lie in the Cantor set K;
and E; consists of a closed construction interval of length 3V |.J| together with the
closure of an adjacent open interval in R \ K, also of length 3V|.J|.

It remains to define the leaf for the central interval J. = J_y U---U Jy. Let
E;, =R\ (K;ULUK,). Define the leaf A, to be the region in the upper half plane
bounded by J., E;,, and the two non-intersecting semicircles joining the endpoints
of J. to those of E;,. The endpoints of £, lie in the Cantor set K. Notice that
when L = (3, 2), E, is exactly R\ [0, 1], since the tips of the leaves for the standard
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L, 2) take up all of [0, £]U[3,1]. For smaller intervals L, E;, contains

intervals in (g, s
R\ [0,1] and part of [0,1]. We use the term non-standard to refer to J., Ay, Ej,,
and any grid interval I such that W(f ) = J..

To summarize: given an open interval L which is a component of [0,1] \ K, we
have defined a fan of palm leaves Ay based at the Whitney intervals J in L, such

that:

the A;’s tile the upper half plane;

the tips E of the leaves are intervals whose union is R\ L;

the F; have disjoint interiors;

the endpoints of each F; lie in the Cantor set K;

|Es| = 2-3N|J| for all standard .J, i.e. for all but the central interval .J, in
L; and

e cach standard E; consists of a closed construction interval of K and the
closure of an adjacent open interval in R \ K of the same length.

Case 2. L is the component R\ [0, 1] of R\ K. Then L consists of the large interval
Joo = R\ (=0,1 + o) and Whitney intervals {Jip}n>n43 in [~0,0) U (1,1 + o],
where o = (2 - 3V+2)~1,

For the interval Joo =R\ (—0,1+ 0), define E;_ = [%,%]. Join the endpoints

979
of Jx to the endpoints of [, 8] by non-intersecting semicircles in the upper half

979
plane, and let the leaf A be the region in the upper half plane bounded by J,

E;_, and the two semicircles. See Figure 5(a).
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FIGURE 5(a). Non-standard palm leaf Ay for J = Jo.
R

J I Ej Ej
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FIGURE 5(b). Standard palm leaves for J; = Jy13, J2 = Jn44 in [—0,0).

The Whitney intervals in [—o,0) are enumerated from left to right as Jyys,
JN44, ..., in order of decreasing size. See Figure 5(b). For Jyy3 = [—0,—0/3],
let By, ., = [373,372]. Form the leaf A;, , by joining the endpoints of Jy3 to
those of Ej, , by two non-intersecting semicircles which meet R at right angles.
Then [Jyi3] = 20 = 3=+ = (2.3M)"YE; |. So Ay, and Ej, ., are of the
standard form.

Similarly, for Jyi, = [—0/3"73,—0 /372, k > 3, let E,,, = [37F,37F)
and define Ay, ., as usual as the region in the upper half plane bounded by Jy i,
Ejy.., and the two non-intersecting semicircles joining the endpoints of Jy4 to
those of Ej,,,. Then |E | =2 3N|Jyyi| for k > 3; the Jyyi’s are standard
intervals with standard Ej, s and Ay, ’s; the Ej s cover [0, 3], and the
Ajy.,'s tile the half-disc bounded by [—o, %] and the semicircle in the upper half
plane which joins —o to %. See Figure 5(b).

The Whitney intervals in (1,1 + o] are enumerated from right to left in order
of decreasing size, as J_(yy3), J_(nya),.... Define leaves Aj_ ) for J_(nyx),
k > 3, by reflecting the leaves Ay, ., through the line z = % The leaf Ay_ .,
based at Jx 4 is the mirror image of the leaf A 7, based at Jy . All these leaves

and their E;,,,’s are standard. The E;,,, k > 3, cover [3,1].
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In the case L = R\ [0, 1] we have defined standard leaves A ; for all the Whitney
intervals .J in L, except for Jo, = R\ (—0,1 4 ), which has a non-standard leaf.
For all intervals J C L, the endpoints of E; lie in the Cantor set K. The palm
leaves have the same properties as those summarized at the end of Case 1.

For each component L of R\ K, reflect the fan of palm leaves based at L through
the real axis, obtaining a fan of palm leaves, also based at L, which tiles the lower
half plane.

10. DISTORTION ESTIMATES FOR WHITNEY INTERVALS

Let T be a Whitney interval in the upper orthocircular boundary arc A, ; of a
half fundamental domain Q,, ;. Let I = P(IA ) be the corresponding grid interval,
and let I be the segment of 08y, j, below A, j, with the same endpoints as I. The
purpose of this section is to show that the FEuclidean lengths of IA, I, , and I are

comparable to each other, with constants which are uniform for all T.
We prove a preliminary lemma.

Lemma 10.1. The orthocircular arcs in |J,, An are uniformly hyperbolically sepa-
rated.

Proof. Tt is sufficient to prove that the components of R\ K are uniformly hyperbol-
ically separated, since these components lift via 7= to U,, An, and the conformal
map 7! is a hyperbolic isometry.

Recall that the hyperbolic metric on Q = C \ K, given by \q(w)|dw|, satisfies

CQ 2
10.1 — < < -
(10-1) dist (w, K) — Aa(w) = dist (w, K)

where cq > 0 depends only on the uniformly perfect constant of the Cantor set K.
Let L and L' be components of R\ K, with |L| < |L'|. Let v be an arc joining L
to L'. Then the Euclidean length of v is at least |L|, since between L and L’ there
is a closed construction interval of K of length at least |L].
If each point in 7 is within distance 2|L| of K, then

o) = [ Aa(w)ldul

ol
= CQ BTN
(10.2) - dist (w, K)
L flaw
= CQ NE
+ 2|L]
> CQ/2.

If some point in v is not within distance 2|L| of K, then there is a segment ' of
~ of length |L|, which has one endpoint at distance 2|L| from K, and which stays
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within distance 2|L| of K. Then

lhyp (v) > buyp (’YI)

- / Ao (w) |dul
,Y/

> o [ _ldwl

(10.3) =@ | dist (w, K)

CQ

> 2

= gy -

_ ¢

_

Therefore the hyperbolic distance between any two orthocircular arcs in J,, Ay is
at least cq /2. O

P

Lemma 10.2. Let I € H be any grid interval. Then |IA| ST
constant ¢ > 0 is independent of I.

|I], and the

We split the proof into several sublemmas, showing that |I| < ¢|I| for all stan-
dard and non-standard grid intervals, and then that |T| > ¢|I| for all standard and
non-standard grid intervals. As usual, ¢ denotes constants which may change from
line to line.

Note that if A, ; is any orthocircular arc, then its length is comparable with
constant 7/2 to the length of the arc of 9D below A,, ; which has the same endpoints
as A, ;. For each I € H, the endpoints of I are the endpoints of I, and they lie
in OD. Therefore I consists of a subset of OD together with a union of whole
orthocircular arcs, and so |I | ~ |I| with constant /2.

Lemma 10.3. |I| < c|I| for all standard intervals I € H.

Proof. Let A, ; be the orthocircular arc containing T, and let Q, ; be the half
fundamental domain below A, ;. Without loss of generality, assume that 7(£2, ;)
is the upper half plane. Let F be the fundamental domain which consists of €, ;,
the arc A, ;, and the half fundamental domain immediately above A, ;. Let L =
(A ;). Then 7(F) is the union of the open upper and lower half planes together
with the component L of R\ K; its boundary is d7(F) = R\ L.

Let J = n(I); J is a standard Whitney interval in R\ K. As usual, let E; be
the tip of the standard leaf based at J; E; = n(I). See Figure 6.

Let wy be the midpoint of J and let w; be the point in T such that m(wr) = wy.
Let @ < |J|/2 be a small number, which will be fixed later. Let z; be the point in the
upper half plane, directly above the midpoint w; of J, such that |z; —w;| = a|J|.
Let z; be the point in €2, ; such that 7(zr) = z.

The hyperbolic distance from z; to wy is bounded away from zero and infinity,
uniformly for all I. The Euclidean ball of radius | J|/2 centred at w, which contains
zy and J, lies in the set {2 | dist (J, K) < dist (2, K) < 3dist (J, K)}, since |J| =
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alJ1

FIGURE 6. Standard grid interval I; definition of z;.

2dist (J, K). It follows that

dhyp (z1,wr) = dhyp(ZJa wy)

2
< |2J — wJ| T T
K
o dist (J, K)
—alJ] =2
|J1/2
=4
Also,
cQ
d 2z —wil s
hyp(27,w7) 2 |27 = wy] 5o (J,K)
(10.5) 2
= 5 cQr.

So %CQO{ < dnyp(zr,wr) < 4o for all I. This implies that the Euclidean distance
from z; to wy is less than ¢(«) (1—|wy|), where ¢(a) depends only on « and decreases
to zero with a.

Since z; and wy are close in the hyperbolic metric, harmonic measure on 0F with
basepoint z; is close to harmonic measure on 0F with basepoint w;. Let u(z) =
w(z, E,F), where E is any Borel subset of 0F. The function u(z) is harmonic in
F. The hyperbolic distance from w; to OF is at least ¢q/2, by Lemma 10.1. The
hyperbolic ball of radius co/2 centered at w; contains a Euclidean ball of radius
cq (1 —|wr]), centred at wy, where cf, depends only on c¢q. The Euclidean distance
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from z; to wy decreases to zero with the hyperbolic distance from z; to w;. Choose
the number «, where |z; — wy| = «|J| and |27 — wi| < ¢(a) (1 — |wy]), small
enough that the Euclidean distance from zr to wy is less than (cf,/3) (1 — |wy|). By
Harnack’s inequality,

(10.6) %u(wj) < u(z1) < 2u(wr).

In particular, setting F = I, we obtain w(zj,f, F) 2 w(wl,f, F) for all I.

After these preliminaries, we now use estimates on harmonic measure based at zy
and at wy to show that |1 | < ¢(1—|wy|). This is sufficient to establish Lemma 10.3,
since |T| ~ 1 — |wy| with a constant independent of I (by Lemma 8.1).

For standard intervals J, the shapes of the leaves A ; and the position of z; within
A are all identical, up to dilations and reflections. Specifically, |E;| = 2 - 3V|J|;
the distance from J to E; is also a fixed multiple of |J|; and z; is always at height
a|J| above the midpoint of J. Therefore the harmonic measure of E; in the upper
half plane U, taken with respect to the basepoint z;, is constant for all standard
J: w(zy, E;,U) =c¢ > 0.

Let F; be the unit disc without the fundamental domains below I. Let v be

the orthocircular arc joining the endpoints of I, and let F, be the disc without the
“bite” below 7. So Q,; C F C F, C F;. Then

c=w(z;, E;,U)

:w(zI,T,QnJ)
< w(zr,I,F)
< 2w(w1,f,.7:)

(10.7) < 2w(w1,:f,.7:1)
=21 —w(wr,dF;\ I, F7)]
<21 —w(wr,0F;\ I1,F,)]
=2[1—w(wr,0F,\ v, F,)]
=2w(wr, v, Fy).

We have used the conformal invariance of harmonic measure; the observations
made above; and the fact that harmonic measure w(z, E, ) is monotonic in the
domain Q: if z€ Q C Q' and E C 902N 9, then w(z, E,Q) < w(z, E, Q).

We assumed here that w; was not on or below the orthocircular arc v which
joins the endpoints of I. Otherwise, |I| > |v|/2 > 1 — |wy| and we are done.

Let 7 : D — D be the Mébius transformation 7(z) = (z — wy)/(1 — Wrz) which
takes wy to 0. See Figure 7. Then

w(wfﬂ 7 '7:7) = w(O, T(’Y), T(]:’Y))
(10.8) =2w(0,7(I),D)
= (D).
The second step can be justified by mapping 7(y) to a diameter of D via a Mobius

transformation o : D — D (Figure 7). Consider the probability that a Brownian
traveller from ¢(0) in D first hits D somewhere on o o 7(I). By symmetry, this
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FIGURE 7. Mobius transformations 7, o : D — D.

ot(l)

is exactly half the probability that the traveller first hits the boundary of the half
disc o o 7(F,) somewhere on the diameter o o 7(v). That is,

w(0,7(I),D) = w(o(0),0 0 7(1),D)
(10.9) =27"1w(0(0),0 0 7(7),0 0 7(F,))
=27 w(0,7(7), T(}—’Y))a

as required.
We have shown that ¢ < 2w(wr,v,F,) < 277! 7(y)]. Now 7/(z) =
(1 —|wr?)/(1 —wrz)?, and so

< /
Ir(1)] < 1] max |(2)

(10.10) 9
<M+

1 — |wy|

It follows that |I| > ¢(1 — |wy|), where the constant ¢ is independent of I, and

therefore |I| > ¢|I |, with ¢ independent of I. |

Lemma 10.4. |I| < c|I| for all non-standard intervals I € H.

Proof. We use the same proof as for Lemma 10.3 above. The key point is to choose
a suitable point z; in the upper half plane U for each J.

Let J be a non-standard Whitney interval. J is of one of two types: either J is
the central Whitney interval J. in an open component L of [0,1]\ K, or J = Jw.
In the first case, define z; as in the proof of Lemma 10.3, with the same a. See
Figure 8(a). The leaves A; for these intervals are identical up to dilations, so the
harmonic measure of E; in U, taken from z;, is uniformly bounded below for all
these J. (The bound is not necessarily the same as that in Lemma 10.3.) Also, z;
is close enough to wy in the hyperbolic metric that the other estimates on harmonic
measure hold with the same constants as in Lemma 10.3.

For J = J, fix a point wy € J which is far from [0, 1]. See Figure 8(b).

Let z; be a point in U, directly above w, which is close to w; in the hyperbolic
metric. Then the harmonic measure of E; in U, taken from z;, is a positive
constant, not necessarily the same as the lower bound in the earlier cases. Choose
zj sufficiently close to w; that the other harmonic measure estimates hold with the
same constants as in the proof of Lemma 10.3. O



QUASICONFORMAL GROUPS 337

AJC
.ZJ
a ) K K . K K
wy R
EJ Je EJle

C

A
R
z; l
g m K K m
W 50 19 89 1 1+c
J Ej J

FIGURE 8(Db). Definition of z; for non-standard J = Ju.

Lemma 10.5. |I| > c|I| for all standard intervals I € H.

Proof. We use the same notation as in the proof of Lemma 10.3. In particular, wy
is the point in T such that w g = m(wy) is the midpoint of the Whitney interval
J = w(f ). Without loss of generality assume that wy is in the left half of the
orthocircular arc A,, ; containing I. Let a and b be the left and right endpoints,
respectively, of I. See Figure 9.

FIGURE 9. I is near f; definition of B.
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It is enough to show that |b — wy| < ¢(1 — |wy|) with a constant ¢ independent
of I. For I is trapped between b and the left endpoint a’ of A, ;, which satisfies
la" —wr| <2(1— |wr|). So then

1] <|a" —b]
<la" —wr| + Jwr = b|
<c(l—wr)
<cll]

(10.11)

(using Lemma 8.1), with a constant ¢ independent of I.
Let B be the shorter segment of F between the right endpoint b of I and the
right endpoint b’ of A,, ;. See Figure 9. The following calculation is justified below:
|wr — b| < edist (wy, B)
dist (wr, OF)
c— "D P
(10.12) ~ w(wr, B,F)?
< cdist (wy, OF)
<c (1 - |w1|)7
where dist denotes Euclidean distance, and ¢ denotes constants independent of 1.
The Euclidean distance from wy to B is |w; — b|, unless there is a point in an
orthocircular arc in B which lies closer to wy than b does. If |b—w;| < 10 (1 — |wy]),
the lemma is proved. If not, B is far to the right of w; and the distance from wy
to any point in B is at least %|w; — b|, justifying the first line of (10.12).

By Beurling’s Lemma [A], there is a constant C' > 0 such that for each point z
in F, and for all M > 0,
(10.13) w(zo, {# | |z — 20| > M dist (20, 0F)}, F) < CM 3.
Setting zp = wy and M = dist (wy, B)/dist (wr, 0F), we find
w(wr, B, F) < w(wr, {z | |z — wi| > dist (z0, B)}, F)
(10.14) < dist (wr, OF) H
- dist(wr, B) |
and so
) dist (wr, OF)
10.15 dist B)<C————F
( ) 1S (wfg ) = w(w[,B,f)27

which is the second line of 10.12.
The harmonic measure of B in F, measured from w;y, is bounded below by a
positive constant independent of I. With z; as in the proof of Lemma 10.3,

w(wlvaj:) > 2_1UJ(ZI7B,.7:)
(10.16) =27 w(zs,7(B),(F))
> 27 w(zs,7(B), V),
by (10.6) and since m(F) contains U. The interval m(B) is one of the two compo-
nents of R\ (LU E;), where L is the open component of R\ K which contains J.
Again, since the picture of U with J, z;, and E; is invariant up to dilations and

reflections for all standard J, the harmonic measure of 7(B) in U, taken from z;,
is bounded below by a constant ¢ > 0 independent of J, for all standard J. This
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justifies the third line of (10.12). The last line of (10.12) is true because Tis a
Whitney interval in A, ;. O

Lemma 10.6. |I| > c|I| for all non-standard intervals I € H.

Proof. We use the same method as for Lemma 10.5. Define z; for each non-
standard J as in the proof of Lemma 10.4. The interval 7(B) is one of the two
components of R\ (LU E;). See Figures 8(a) and 8(b). By the usual arguments
we may conclude that the harmonic measure of B in F, taken from wy, is bounded
below by a positive constant independent of I. The rest of the proof applies without
change. O

This completes the proof of Lemma 10.2: |T| ~ |I| ~ |I| for all grid intervals
I € 'H, with constants which are independent of I.

11. DEFINITION OF THE DENSITY FUNCTIONS F, --- F}

In this section we define the functions F,, whose products F,, ---F; give the
densities of the measures p,,. Here we define the F,, on all standard grid intervals
I €H,_1,n>1, up to the values of certain parameters, @ and ¢, which will be
fixed later. We show that these functions F,, are (J,n)-suitable for each standard
I € H,—1, with constants § and 7 independent of I and n. For non-standard
intervals I € H,_1, we define the functions F,, and prove that they are (§,n)-
suitable in Section 14.

We first prove a lemma giving a rough estimate of the distortion caused by the
composition P o 7! of a branch of the inverse 7—! of the covering map with the
almost radial projection P of the disc onto the circle.

Lemma 11.1. For each standard Whitney interval J in R\ K, let Sy be a segment
of Ej, and let A1 and As be the components (possibly empty) of E;\ S;. Suppose
that |Sy|/|Es| = c1, |A1]/|Es| = ca, and |As|/|E;| =1 — ¢1 — c2, where ¢; and co
are constants independent of J. Suppose also that Sj is a union of whole Whitney
intervals, posszbly together wzth a subset of K. Let 1 be any standard grid interval
such that 7T( T)=J, and let R; be the segment of I such that ﬂ'(RI) = Sy. Let
R = (RI) = Pon~YSy). Then |R;| > c|I|, where ¢ is a constant independent
of I and J.

Proof. Without loss of generality, assume that 7 maps the half fundamental domain
below the orthocircular arc containing T to the upper half plane. As in the proof
of Lemma 10.3, let w; be the midpoint of .J, and let z; be the point in the upper
half plane, directly above wy, such that |z; — ws| = «|J|, where « is a small fixed
number independent of J. Let w; be the point in I such that m(w;) = wy. See
Figure 6 in Section 10.

The harmonic measure of Sy in the upper half plane, taken from z;, is the same
for all J, since S is always in the same place in E;. The proof of Lemma 10.3,
applied to S instead of to E;, shows that |R;| > ¢ (1 —|wy]|), where ¢ is a constant
depending on ¢; and c¢;. By Lemmas 8.1 and 10.2, 1 — |wy| is comparable to |I|
with a constant independent of I and J, which proves the lemma. O

We have shown that for all standard intervals I € H, if S; is a fixed segment
of E;, where J = n(I), then |R;|/|I| = |P ox1(S;)|/|P o 7~ (E,)| is uniformly
bounded away from zero. The same result holds for non-standard intervals I, if Sy
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y =F(x)

FIGURE 10. Graph of F; o = (1 —¢) |I|/|Rs|.

is defined so that its length is a fixed multiple of |J| and so that it is always in the
same position in F;.

On each interval I in the grid H of subintervals of the unit circle we define a
function F which is (4, n)-suitable for I, where the constants ¢ and n are independent
of I. Recall from Section 6 the definition of (§,n)-suitable: F' has mean value one
onI;0<d < F(x) <1/5on I; and F = 1 on subintervals I; and I. of I, at the
left and right ends respectively of I, such that |I;| > n|I| and |I.| > n||.

The idea is as follows. Divide each E; into five segments S1,...,S5 whose
lengths are prescribed fractions of |E;|. Pull these back to I via 7=, then project
them via P to subintervals R; = Po7r1(S;), 1 <j <5, of I. In Lemma 11.1 we
gave bounds on the distortion in length caused by P o 7~!. Each ratio |R;|/|I| is
uniformly bounded away from zero and infinity for all I. Define F' to be constant
on each Rj;, in such a way that F' is large on R3, identically equal to one on R;
and Rjs, and small enough on Ry U Ry to ensure that F' has mean value one on I.
See Figure 10. We show that F' is uniformly bounded away from zero and infinity
for all 1. ~

Now we define the segments S; and R; for a standard grid interval I. Let I be
the Whitney interval in (J,, A, such that I = P(I), and let J = 7(I ). Without loss
of generality we describe the case when E; is to the right of J. Divide E; into five
segments S;, 1 < j < 5, numbered from left to right, as follows. The left half of E;
is an open component of R\ K of length 3V|.J|. Let S3 be the central Whitney
interval J. in this open interval. The length of S is |S3| = 1(1 — 37N)|E,|.

Let @ be a large integer; its value will be fixed below. Let S; be the interval
with the same left endpoint as E; and with length |S1| = £379|J|. Sy is a union
of whole Whitney intervals. Let S5 be the interval with the same right endpoint
as E; and with length |S5| = 37?|J|. S5 is a closed construction interval of the
Cantor set K. Let Sy be the interval between S; and Ss, and let S; be the interval
between S3 and Ss. B

Now pull back these intervals S; to I via the appropriate branch of 7#=!. Then
project them to I via P, obtaining five intervals R; = Pon~!(S;), 1 < j < 5,
whose union is I. By Lemma 11.1, there are positive constants c;, 1 < j <5, such
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that |R;| > ¢; |I| for all standard intervals I. These constants are less than one;
they depend on NV and @ but are independent of J and I.

Let € be a positive number, small enough that (1 —¢)|I|/|Rs| > 1; its exact value
will be fixed below. Define a step function F' on I by

1, x € R U Rs5;
(11.1) F(z) =14 (1-¢)g, =€ Ry;
0, T € Ro U Ry;

where § = (¢|I| —|R1 URs])/|R2U Ryl is chosen so that ﬁ J; F = 1. See Figure 10.

This function F' takes its maximum on Rg, where F(z) = (1 —¢)|I|/|R3| < 1/cs;
this upper bound is independent of I. The subintervals R; and Rs at each end
of I, on which F' = 1, each have length at least n|I|, where n = min (¢, ¢s5) is
independent of I.

If du, = F,, - -+ F1 dz, and each F), is defined on each I € ‘H,,_1, m > 1, accord-
ing to (11.1), then most of the mass u,_1(I) is concentrated onto the subinterval
Rg of I:

tin(Rs) = /R Fo(2) dpin 1 ()
1]

(11.2) =(1 _6)|R |Mn 1(R3)
_ 11| |Rs]
= (-9 uj' pin—1(I)

— (1= &) (D).

The third step is valid because p,—1 is a constant multiple of Lebesgue measure
on I.

To show that the function F defined in (11.1) is (dp,n)-suitable for I, with
constants dy and n independent of I, it only remains to give a uniform lower bound
for the value 6 of F' on Ry U R4. Observe that

E|I|—|R1UR5|:(E_|R1UR5|) |I| >E—|R1UR5|
IRy U Ry || |Rsy U Ry| ~ Fi—

(11.3) 6=

We would like to ensure that |Ry U Rs|/|I| < /2, say, by choosing |S1 U S5|/|E;|
sufficiently small (that is, by choosing @ sufficiently large). Unfortunately, an
application of Lemma 11.1 to S; = E; \ (51U S5) does not guarantee that this can
be done, since the lemma does not give a good estimate on the size of the constant c,
nor on its behaviour as ¢c; — 0. However, the sharper estimate in Lemma 13.1 below,
based on the A,.-equivalence of harmonic measure and arclength on the boundary of
a chord-arc domain, does imply that |R; U Rs|/|I| goes to zero w1th |[S1U S5|/|EJ|

Therefore, we may choose a large @ so that [S; U Ss|/|Es| = 5 -4 .379"N is
sufficiently small that |R; U Rs|/|I| < /2. Then § > /2.

We have shown that the function F' defined in (11.1) is (dg,n)-suitable for I,
where the constants g and 7 depend on e, N, and @, but are independent of I, for
all standard grid intervals I € H.

In Section 14 we define the function F' for non-standard intervals I € H, and
show that it is (dp, n)-suitable for those I.
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12. DEFINITION OF AUXILIARY FUNCTIONS X

Let Iy be an interval from the I*? layer H; of the grid, such that W(j;)) is not J.
For each point = € Iy and for each ¢ > 0, let I;(x) be the unique interval in H;4;
which contains x. The intervals I;(x) are nested: Ip(z) D Ii(x) D Ix(x) D -+ D
Ii(z) O -+ > z. Let I;(z) be the Whitney interval in the disc such that P(I;(z)) =
Ii(z). Let J;(z) = n(I;(z)). We have associated to the point z € Iy C dD a
sequence {.J;(z)};>0 of Whitney intervals in R \ K.

We now define auxiliary functions X;(x) which keep track of the lengths |J;(z)|
of these intervals. Make the convention that
(12.1) | Je| = |L[/3

when J, is the non-standard central Whitney interval in a component L of [0, 1]\ K.
Let

(12.2) Xi(z) = logsg [
for x € Iy. For ¢ > 2, let
Xi(x) = {log3 {IJ‘JLEZI)I] , i Ji(x), ... Jic1(2) # Jeo;

1, otherwise,

12

(12.3)

for x € Ip and 7 > 1. Let
(12.4) Se(x) = Xi(x),

for k > 1. If none of Jy(x),..., Jy_1(x) is the large interval Jo, = R\ (—0,1 + o),
then Sy (x) = logs(|Jk(2)|/|Jo]). Note that X; and S, are integer-valued.

Let V(Iy) denote the collection of those grid intervals I in Iy which satisfy
w(f ) = Joo, and which are maximal with respect to this property. In other words,
V(Io) is the collection of the maximal grid intervals I in I which are images of Joo
under branches of Po w1

Observe that V(Io) = {z € Iy | Sk(z) — +oo}. For if z is contained in some
interval I = Iy(z), say, which is in V(Ip), then X;(x) = 1 for all i > N, and so
Si(x) tends to infinity. And if x is not contained in any interval I in V(Iy), then
no Ji(z) is Joo, and so Si(z) remains bounded above, by logs[(9|Jo|) ], for all k.
(Recall that Jy = 7T(IA0) is fixed in this discussion, and that the largest Whitney
interval other than Ju is the J. in (£, 2), which has length 1/9 by our convention.)

In the remainder of the paper we show that for appropriate choices of the pa-
rameters in the definitions of the functions F,,, the measures p,, given by du, =
F, -+ Fy dx converge to a measure p whose restriction to Iy is supported on V (Ip).
In Sections 13 and 14 we show that for all grid intervals I C Iy, the mean of X;
on I (where i is such that J;_; = x(I)) with respect to y is uniformly large, and
the second moment is uniformly small. In Section 15 we conclude that Sy — +oo
a.e. (du) on Io; that is, u(V(lp)) = u(lp).

Finally, also in Section 15, we observe that this implies the existence of a doubling
measure p supported on the set S of points which lie in infinitely many grid intervals
corresponding to J,. Heuristically, the grid intervals corresponding to J, are near
preimages Ioo of Joo under m. Each preimage I contains an orbit point g(0),
g € G, since the covering map 7 is normalized so that the orbit of 0 is 7~ 1(oc0),
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and co € J,. We prove that S is contained in the conical limit set of G, which
completes the proof of Theorem 1.2.

13. ESTIMATES FX; > ¢; AND EX? < ¢y FOR STANDARD INTERVALS

The main result of this section (Lemma 13.4) is that on each standard grid
interval I € H, the function X; satisfies

p()™ /Xi dp>c; and  p(I)~! /Xf dp < co,
I I
where ¢y and ¢y are positive constants independent of I. Here

X; = logs (|Ji(@)|/|Ji—1(x)])

is the auxiliary function, defined in Section 12, for a particle which has not yet
reached Jo, and which makes its i*" jump from J = w(f ). We begin by establishing
an estimate, sharper than that in Section 11, on the distortion in length caused by
the map Pon !

As usual, for a standard grid interval I with I = P(f), let J = W(f), and let

Ej = (1) be the tip of the leaf A; based at J. See Figure 11.

tT[
N N

FIGURE 11. Bis in I; n(B) is in E,.
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Lemma 13.1. Let I € H,—1, n > 1, be a standard grid interval. Let B C I be

a union of grid intervals from H,. Let B be the subset off such that P(E) = B.
There are positive constants ¢ and o such that

7(B)]
|Es|

|B|

(131) m S C

The constants ¢ and o are independent of B, I, and n, but they depend on the large
number N such that |E;| = 2 - 3N|J| for standard intervals.

To prove this lemma, we use Lemmas 13.2 and 13.3 below and the following
remarks.

A Jordan curve T' is said to be chord-arc if for all points x and y on I' the
Euclidean length |2 —y| of the chord between z and y is comparable, with a uniform
constant, to the Euclidean arclength of the shorter arc of I' between x and y. In
other words, there is a constant ¢ > 0 such that

(13.2) |z —y| < lr(z,y) < clz—y|

for all z, y on I'. A domain D is a chord-arc domain if its boundary is a chord-arc
curve.
The leaves A; are chord-arc domains with chord-arc constant independent of J.
If D is a bounded chord-arc domain, then arclength on its boundary 0D and
harmonic measure based at any point z in D are Ay, -equivalent. This means that
there are positive constants c1, co, a1, and as such that whenever S is a segment
of 9D and F is a Borel subset of S, then

|E] w(z, E,D)]™ w(z,E,D) |E| 7
13. — < — d ————=< —
15:9) 1= (&G 5.D) w(S8.D) = 18]
See [JK]. Moreover, if D is bounded, then for all points z € D which satisfy
(13.4) dist (z,0D) > C diam (D),

the constants ¢y, ¢, a1, and as depend only on C and the chord-arc constant
of OD.

In the situation of Lemma 13.1, consider the domain D = 7~!(A ;) whose bound-
ary consists of I , I, , and two arcs 1 and 2 which project via 7 to the two semicircles
in the boundary of the leaf A ;. We prove (Lemma 13.2) that 9D is chord-arc, with
a constant independent of I, and (Lemma 13.3) that the inequality 13.4 holds, with
a constant independent of I, for the point z; € D defined in Section 10. Then we
prove Lemma 13.1.

Lemma 13.2. The boundary 0D of D is chord-arc, with a chord-arc constant
which is independent of I.

Proof. We follow the proof of a similar result by Gonzélez [G]. The boundary of D
consists of I Y1, Y2, the orthocircular arcs in I and the subset I N D of the unit
circle. It is sufficient to show that:

1. Wherever two of f, Y1, Y2, and I meet, the angle they form is bounded below
by some 6y > 0 which is independent of I; and
2. The components of A, \ K (which are J = m(I ); the semicircles 7 (y;) and
7(v2); and the open intervals in E; \ K) are chord-arc, in the hyperbolic
metric, with a chord-arc constant which is independent of I.
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m(y1)

, m(zq)
o’ K K 11(22) K K

-—

J TA)

FIGURE 12. Ay and D = 7~ 1(A;) are chord-arc domains.

Then the components of 9D \ dD are also chord-arc in the hyperbolic metric; they
are chord-arc in the Euclidean metric; and the whole boundary 9D is chord-arc in
the Euclidean metric with a constant depending only on the chord-arc constant of
Ay

1. T meets ~v1 and 72 at right angles, because J meets 7(y1) and m(v2) at right
angles and 7! is conformal.

Let 71 be the arc in 9D such that 7(y1) is the smaller semicircle in A ;, and
let A be the orthocircular arc in the lower part of 9D which meets ;. See Figure 12.
We show that the hyperbolic distance between any two points z; € 1 and 2o € A
is uniformly bounded away from zero; this implies that v; and A do not form a
cusp at their common endpoint but make a positive angle there. Take a path from
m(z1) to m(22) in Ay. Let v be the segment of this path which starts at 7(z1) and
has length Im(z1)/2. Then

diyp (21, 22) = dnyp(m(21), 7(22))

o [ e
2 cQ :
 dist (w, K)

1 Im7(21)
%Im m(z1) 2

ZCQ/?).

(13.5)

>CQ

So the angle formed by 7; and A is bounded below by some 6y > 0, independent
of I.
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The same reasoning applied to 2 shows that 5 makes a positive angle, uniformly
bounded below, with 0.

2. J and the open intervals in E; \ K are geodesic arcs in 2 = C\ K, so
they are chord-arc in the hyperbolic metric. To show that the semicircle 7(vy1) is
hyperbolically chord-arc, take points z and ¢ in 7(y1). Let v be the segment of
(1) between z and ¢, and let L be the chord between z and (. It is enough to
consider z and ¢ in the part of m(;) near (in the Euclidean metric) to an endpoint
of m(1). Then + is almost vertical, and

|dw| |dw|

(13.6) o) ~ [ <20l
P L dist (w, K) /), Imw

is comparable to

|dwl / |dwl
13.7 byp(L) ~ | ——— ~ [ ——
(13.7) (L) 1, dist (w, K) 7, Imw

with a uniform constant.
This completes the proof of Lemma 13.2. O

Lemma 13.3. For each standard grid interval I € H, let z; be the point in D,
near I, defined in Section 10. There is a constant C' > 0 independent of I such that

(13.8) dist (z7,0D) > C diam (D).

Proof. We compare both sides of (13.8) to 1 —|w;|, where wy is the point in T coD,
near zj, defined in Section 10. (See Figure 6.)

The hyperbolic distance from zr to 9D is uniformly bounded away from zero. To
see this, consider a geodesic arc from z; = w(z7) to A ;. Let v be the segment of
this geodesic which has z; as one endpoint and which has Euclidean length «|.J|/2.
Then

dnyp (21, 0D) = duyp(7(21), 7(0D))

(
(

= dhyp ZJ,@AJ)
>CQ/—|dZ|

(13.9) - , dist (2, K)
. 1 alJ|
T Saldl+gldl 2
=c(Q,a).

The hyperbolic ball of radius ¢ (9, ) centred at z; contains a Euclidean ball of
radius ¢/(1 — |z1]), centred at z;. Here ¢ is independent of I. Since (1 — |z1]) ~
(1 — |wy]), with a constant independent of I, we conclude that

(13.10) dist (z7,0D) > ¢ (1 — |wy]),

where c is independent of I.
To estimate diam (D), it is sufficient to show that

(13.11) dist (z,1) < (1 — |wy])
for all x € 9D. For if x and y are in 9D, then
(13.12) |z — y| < dist (z, 1) +dist (y, 1) + |7,
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and we saw in Section 10 that || ~ 1 — |w;|. We showed (13.11) for z € I, in the
proof of Lemma 10.5. We prove (13.11) for « € 7; the same argument works for
x € 2.

Let a and @ be the endpoints of v; which lie in I and 7 respectively. Using the
fact that ~y; is chord-arc,

dist (z, 1)

< |z -4

<l (z,a)
(13.13) </l (a,a)

<cla—a]

< |I| + |T| + dist (1, 7).

Now |I| < ¢ (1 — |wy|) by Lemma 8.1; || < ¢|I| by Lemma 10.3, and dist (I,1) <
¢(1 — |wy|) by the proof of Lemma 10.5. So we have established (13.11), which
together with (13.1) proves Lemma 13.3. |

Proof of Lemma 13.1. By Lemma 13.2, Lemma 13.3, and the remarks after the
statement of Lemma 13.1, arclength on 9D and harmonic measure at z; in D are
A-equivalent with constants depending only on the chord-arc constant of A ; and
the constant C from Lemma 13.3. Let ¢; and aq be such that
a

Bl _, [@(rB.D)
|S] w(zr,S,D)
for all Borel subsets E of segments S of 9D. The leaves A ; are also chord-arc, and
dhyp(27,0A7) > ¢ > 0, so we may choose ¢ and s independent of I such that

w(ZJ,E,AJ) < [@]az

(13.14)

13.15 _—
(13.15) 5Gr S.A) =[5

for all Borel subsets E' of segments S of 9A,.
By the distortion estimates in Section 10, |I| ~ |I| and |B| ~ |B|. We use (13.14)

and 13.15 on the sets B C I C dD and m(B) C Ey COAy:
|B| _ |B|

- SCT
1] T

<cqo

(13.16) =ca )) = ]

- ~ Qo 1
7(B)]
<cc |c ,
N 1_2< [EJ]

which establishes the right-hand inequality in (13.1). A similar argument, again
using (13.3), proves the left-hand inequality in (13.1). The constants are indepen-
dent of I and B, but they depend on the N such that |E;| = 2 - 3V|J|, since the
chord-arc constant of A; depends on this V. O
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Lemma 13.4. There are positive constants ¢c1 and co such that for all n > 1, for
every standard grid interval I € Hpy_q,

1
13.17 EXZZ—/XZCL'd ZC;
and
(13.18) EX? = L/Xf(;z:) du < ca.
() Jr

Here X;(x) = logs(|J;(x)|/|]]) is the auziliary function for a particle which makes
its i jump from J = W(f) and which has not yet reached J.

Proof. Let L be the component of [0,1] \ K which contains J = x(I ).

We begin by slightly modifying some definitions, in order to simplify the cal-
culations. In each component L’ of E; \ K, we amalgamated the 2N Whitney
intervals in the centre of L’ into a single interval J. = J_ny U--- U .Jy. We now
temporarily assume that we have retained the individual intervals J_p, ..., Jy in-
stead. We also change the definitions of the region R3 and of the function F,,. Set
S3 = J_1UJ; in the component L’ of [0, 1] \ K which is the left half of E;, and let
R3 = Pon~1(S3). (In Section 11, we had S3 = J_yU---UJy C L'. The regions
R; and Rj are unchanged; the regions Ry and R4 become larger since they now
include J_ny U---UJ_g and Jo U--- U Jy respectively.)

Define
1, z € R1 U Rs;
(13.19) Fu()=1{ (1-€)y, =€ Ry;
5, T € R2 U R4,

using the new definition of R3. (At the end of the proof we show that the estimates
with these new definitions imply the estimates for the original functions F), and Xj;.)
With these assumptions, we begin with (13.17). Let I € H,_; be a standard

interval. Let J = m(I). For each point z in I, let I;(x) be the interval in H,, which
contains z. I, n, and 7 are fixed throughout the proof. Let J;(x) = w(I;(x)). Then

)

Notice that to compute EX; or EX?, we need only deal with F,,. The functions
Fy for I # n are irrelevant, since for [ < n Fj is constant on I, and for [ > n F; has
mean value one on each subset of I where X; is constant.

Let

(13.20) Xi(x) = logs [

Bi={zel|Xix)=N—k}
(13.21) ={zel||Ji(x)|=3"""J|}
={zel||Ji(z)]=2""37"E,},
for k > 1. These By’s are exactly the sets on which the integrand X; in (13.17) is
constant. The union of the By’s is I. We estimate (13.17) by integrating over each
By, separately (see (13.27) below); before that we need some preliminaries.

Let Bj be the subset of I such that P(E;) = B;. Then W(E;) is the union of
all Whitney intervals in E; of length 271 . 37F|E;|.
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We count the number of Whitney intervals of this length in £ ;. The segment E;
contains one component of R\ K of length 27| E;|, and it contains 2/ components
of R\ K of length 27! - 3771 E}|, for each j > 0. Within each component L of
R\ K there are two Whitney intervals of size 37!|L|, for each [ > 1. Therefore E;
contains 2¥ Whitney intervals of length 271 - 37%|E;| = 3V =% J|, for each k > 1.
Hence

—~ 1/2\"
(13.22) (B =223 = 5 () 18
for k > 1.
Therefore, by Lemma 13.1, there are positive constants ¢ and «, independent of

I but dependent on N, such that
— k (0%
|7(Bk)| 1/2 _ gk
12y “123 =<l
where 8 = (2/3)* is strictly less than one.
We also estimate the sizes of BN Ry and By NRs, for £ > 1. The sets R; and S,
1 < j <5, were defined in Section 11. S; = 7(Ry) is the segment at one end of E,
contained in E; \ K, such that |S;| = 3 -379|J|. Q is a large integer, independent
of I. The largest Whitney interval in S; has length 3=%|J| = 271 . 379-N|E,|.
The segment S contains exactly one Whitney interval of length 271 - 37%|E;|, in

other words one Whitney interval which lies in W(E;), for each ¥ > Q + N. By
Lemma 13.1,

[e3%

| B

(13.23) ap <

BinRi| _ [Im(Byn Ry
LI BH
_ | I7@Bnsy
(13.24) |E,|
[o—1 ,3—k|EJ|}°‘
=CcC|—
LB
20(3_a)k7

for £ > @ + N. The left-hand side is zero when 0 < k < @Q + N — 1.

S5 = m(Rs) is the segment at the other end of E; such that [S5| = 3-Q|J|. Ss is
a closed construction interval of the Cantor set K. The largest Whitney intervals
in S5 are two intervals of length 372 - 379 J| = 271 .379-N=2|F;|. S5 contains
2k=@=N=1 Whitney intervals of size 27! - 37%|E;|, for each k > Q + N + 2. By
Lemma 13.1,

|Bk N R5| < |7T(B;€) N S5|
P |E]|
(1325) . |:2k—Q—N—l . 2—1 . 3—k|EJ|:|o¢
|Ey|
= c(2797 M) (2/3)k
— C(Q_O‘)Q+Nﬁk,

for k > @ + N + 2. The left-hand side vanishes for 0 < k< Q + N + 1.
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The set Bj is exactly R3, and so

F,=01-¢)|I|/|B1] on Bj.

Also, on I, pp,—1 is given by

dpin—1 = (pn—1(1)/[1]) d

Therefore
p(B1) = pn(B1)
= Fo(2) dpn—1(2)
B,
(13.26) _ |I| tn—1(I)
= (1 —¢) pn-1(1)
— (1= ) (D).

After these preliminaries we can estimate EX;:

EX; = 10g3[ ]
:;N k) ()
vy BB o o A(BE)
o St
_ _ = oy H(Br)
(13.27) >(N-1)(1 E)JFEV(N k) =D
>(N-1)(1—¢)— i j 1Br)
= D
_ - fin (Bk)
~w-na-o- z =

The last series converges. To show this, we split each By into three pieces, By N
(R2 U Ry4), Bx N Ry, and By N R5, and estimate the sums over the three types of
terms.
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First, since F,, = § on Ry U Ry,

G k
> Fu(e) dian 1 (2)
N pin—1(1) BipN(R2URy)

_ i ks fin—1 (B N (R2 U Ry))

E=N Nn—l(I)
> |Bk N (Rz U R4)|
=0 k
Z: 1]
(13.28) k=N
<6 Z k @
= M
<dc(N)> kB
k=N
5 e
- (1-p¥

which can be made arbitrarily small by choosing ¢ small (which implies ¢ small)

in the definition of F,,. Here the second equality holds because, on I, pu,_1 is a

constant multiple of Lebesgue measure, and the second last line holds by (13.23).
Similarly, since F,, =1 on R,

=k
kg]:\l fin—-1(1) /Bkaan(x) dpin-1(z)

=, Hn-1(Be N Ry)
=2 M

=N
_ i lekall
1]

k

(13.29)
k=N

= Br:NR
:ka
VO 1]

o0

c(N) 3k (37),

k=N+Q

IN

which can be made arbitrarily small by choosing @) large. Here the last line holds
by (13.24).
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Finally, since F,, =1 on Rs,

— k
>ty L R @

=N Hn—1

B i I pin—1(Br N Rs)
- Ty
E=N Nn—l(

_ i ) |Bx N Rs|
|
(13.30) k=N

s |Bk n R5|
= J 2k Tl
L
<ce(N) (2 )9t Y kgt
k=Q+N+2
¢(N) (27)tN
(1-p2

which decreases to zero as ) increases. Here the second last inequality holds
by (13.25).

Once N is fixed, we can make (13.28), (13.29), and (13.30) arbitrarily small by
choosing ¢ sufficiently small and @ sufficiently large. Therefore we can make the
last term in (13.27) arbitrarily small. So for some positive constant ¢; depending
on N, we can ensure that FX; > ¢; for all standard intervals I in H,_1, for all
n>1.

We can estimate the second moment more simply. We showed in Section 11 that
there is an upper bound 1/dy for F), on I, independent of I and n. Then

o1~ o[22} e

<

Pt ) = pn—1(I)
- g )? #(1[) /B F () dpt -1 ()
(13.31) < %gw oy N:;jfﬁk)
LSl LS
< C(é;] i(zv2 +K?) B"
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using (13.23) in the second last line. In the fifth line we used the fact that p,—1 is
a constant multiple of Lebesgue measure on I. Again, once N, @, and ¢ are fixed,
this estimate gives a uniform upper bound ¢y on EX? for all standard intervals
Ie€eH, 1, foralln>1.

It remains to prove the same estimates for our original functions X; and Fi,.
Write Y; and G, for the modified versions of X; and F,, defined at the start of the
proof and used in the calculations (13.19)—(13.31) above.

To estimate EX?, define Z;(x) = N? + k® on By, k > 1, where By = {z € I
Yi(x) = N — k} as above. A comparison of Y;, X;, and Z; shows that on each By,

(13.32) X2<(N+k)?<2(N*+kH) =227,

The calculation (13.31) shows that the mean value of Z;G,, on [ is at most ¢o. Also,
F,, ~ G,, with constants independent of I, since they are both bounded above and
below by positive constants independent of I. Therefore

1
EX? = —/ X?F, dx
1] J;

(13.33) Sci/ 2 7;G,, dx
1] J;

<2cey,
for all 1.
Finally, we estimate EX;. Let G} (respectively Fp) be the maximum value of G,

(respectively F,,). Then Gy ~ F}, with constants independent of I, by a comparison
of harmonic measures in A ;. Let

(13.34) I ={z el | Fy(z) = F}
and
(13.35) I,={z €| F,(x)=7d},

where ¢’ is the minimum value of F,, on I. In the next calculation we neglect the
region where Y; = 1. Then, since X; > Y; on I,

.E‘XVZ':i XZFnd{,U
1] Jr
1
>— [ Y;F,dx
1] Jr
> 1 Y, Fy, dx L / Y, F, dx
= 7 iL'b I il'n
(13.36) 1 /. 1 /.
1
>c— Yidea:——/ Y, F, dx
1] J1, 1] J1,
N-1 1
>c -5 = Y; dx;
2 | J,

by (13.27). We showed above that ﬁ J 1, Yidz is bounded above by a constant
independent of I. Therefore, by choosing ¢’ small enough in the definition of Fj,,
we may ensure that £ X; is bounded below by a positive constant independent of I.

This completes the proof of Lemma 13.4. O
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14. ESTIMATES E X, > ¢i AND EXE < ¢ FOR NON-STANDARD INTERVALS

~

Let I € H be any non-standard grid interval such that J. = «(I) is the non-
standard central interval in some component L of [0, 1]\ K. In this section we prove
(Lemma 14.3) the estimates pu(1)~" [, Xidp > ¢1 and p(I1)~! [, X2 dp < co, where
¢1 and ¢y are positive constants independent of I. Here X;(z) = logs(|J;(z)|/|Je|)

is the auxiliary function for a particle which makes its i*® jump from J. = 7T(f )
and which has not yet reached J,,. We begin with an estimate, analogous to

Lemma 13.1, on the distortion in length caused by the map Po w1,

Lemma 14.1. Let I € H,—1, n > 1, be a non-standard grid interval such that
J. =n(I) is the central interval in some component L of [0,1]\ K. Fiz a number
A > 1, and let q be any positive integer. Let B and T be unions of grid intervals
from H,, such that B C T C I and «(T) C {w | A < dist(w, J.) < AF1Y. There
are constants ¢ and o, independent of q, B, T, I, and n, such that

=(B)]
m(T)]

|B|
14.1 — <ec

The proof is essentially the same as for standard intervals, but we need a stronger
version of A,,-equivalence because JA ; is unbounded. Namely, if 2 is a chord-arc
domain, and z € €2, then there are positive constants c1, co, a1, and as such that

|E| w(z, E,Q)1" w(z, E,Q) |E]*
14.2 — < —_— d ——=< —
W2 rEallese) ™ Leso =S
whenever S is a segment of 0f) satisfying
(14.3) S C{w | A < dist (w, 2) < AT}

for any positive integer ¢ and for a fixed A > 1, and FE is a Borel subset of S. The
constants ¢, cg, a1, and as depend on the chord-arc constant of 92 and on the
constant A, but not on gq.

This follows from the case of bounded chord-arc domains. By dilations and
translations we may assume that z = ¢, and that —i is at least distance € from 2.
Consider the Mobius transformation 7 : w — (w+14)~!. This maps  to a bounded
chord-arc domain. Harmonic measure is invariant under Mobius transformations.
Also, for each positive integer ¢, the map 7 scales everything in the annulus in (14.3),
in particular E and S, by approximately the same factor. The estimates in (14.2)
follow.

Consider the domain D = 7~ 1(A ), where [ is a non-standard interval as above.
The analogues of Lemmas 13.2 and 13.3 hold, and Lemma 14.1 follows in the same
way as Lemma 13.1 follows from Lemmas 13.2 and 13.3.

Notice that, although the interval I is no longer standard, arclength and har-
monic measure are still A.-equivalent on 9D, since D is a bounded chord-arc
domain. Therefore, for any segment S of 0D and Borel subset E of S, we still have

B [wlerw(B), M)

e |22 e

|S| w(zJﬂﬂ—(S)vAJc)

and the analogous inequality in the other direction, both with constants indepen-
dent of I. We will frequently use this fact, combined with direct estimates of har-

monic measures in A j,. We refer to such an argument as a comparison of harmonic
measure on the domain side.

(14.4)
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FIGURE 13. A non-standard central interval J..

‘We will need the next lemma, which follows immediately from our decomposition
of R\ K into Whitney intervals.
Lemma 14.2. Let A be a subinterval of [0,1] of length 371, 1 > 0. Then

1. A contains a Whitney interval of length at least 372|A|; and

2. A meets at most 28 Whitney intervals of length 37%|A|, for k > 1.

The main result of this section is:

Lemma 14.3. There are positive constants ¢1 and co such that for all m > 1,
for every non-standard grid interval I € H,—1 such that w(I) = J. is the central
Whitney interval in some component L of [0,1]\ K,

(14.5) /X Ydp > e
and
(14.6) EX? = %/Xf(x) dp < cs.

Here X;(z) = logs(|J;(2)|/|Jc|) is the au:mlwry function for a partzcle which has
not yet reached Js and which makes its i™ jump from J. = 7T(I)

Proof. Let J. be the central Whitney interval, J. = J_y U--- U Jy, in some
component L of [0,1] \ K. Make the convention that |J.| = |L|/3. The tips of
the leaves for the standard intervals in L cover K; and K., the closed construction
intervals of K immediately to the left and right of L. So the tip Ej, of the leaf
for J.is R\ (K; ULUK,). See Figure 13.

To simplify the calculations, we again assume, as in the proof of Lemma 13.4,
that in each component L of E; \ K we have not amalgamated the 2N central
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Whitney intervals but have retained them individually. As before, the result follows
from this simplified version.

We divide Ej, into subsets V}, j > 1, of length |V;| = 37719.J.|. Let each V;
have two components of equal length, one on each side of J.. Put the components
of V1 as close as possible to J,, that is, on each side of and adjacent to K; UL U K.
Put the components of V5 on each side of and adjacent to V3, U K; U LU K., and so
on. For each j > 1, let T} be the subset of I such that W(j_’;) =V;.

Fix j > 1, and for each k > 1 define the subset By, of T} by

By ={z e Ty | |Ji(z)| = 37" |V;[}
(14.7) ={zeTy||Ji(z)|=3"" 37111}
:{I'ETJ‘Xl({E):]"FlO—k}

By Lemma 14.2, the set W(E;) meets at most 2¢ Whitney intervals of size 37%|V;|,
0

k
— 2
(148) (B < (3) 1
By Lemma 14.1,

|7 (Br)|
Vil

| B .
75| —

« ]C «
(14.9) =c [(2) 1 =cpF
3
where 8 = (2/3)* is strictly less than one, and ¢ and (3 are independent of j.

In fact, Lemma 14.1 in the form stated above may not apply, since By and T}
need not be unions of whole grid intervals. However, the difficulty is only that at
either end of T; there may be grid intervals which meet T; (and hence some Bj)
but are not contained in T} (or By). The distortion estimates in Section 10, and
the fact that grid intervals are comparable in size to their neighbours, imply that
Lemma 14.1 can be extended to cover this case.

We first prove the estimate on EX?. In estimating X? we can neglect the
function F},, since the F;, we use will be bounded above by a constant independent
of I. So it is enough to find a bound independent of I for

410 [ Xt ||jfﬁ|| i), {1% N } -

First, for each j,

)y Lo ]} =i

(14.11) <ec i {5% + (k —10)*} p*
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Also, |T;]/|I| decays exponentially in j:
) _ I

C—

117 =77

<cecy w(zl’ﬁ’ﬁ_l(AJC))
o w(Z],T,W_l(AJC))

a1

(14.12)
|: CU(ZJ, ‘/}7 AJC) :| “
=co |/
w(zs, Eg., Ay,)
<c [w (ZJv‘/jaU)]al
with constants independent of j. Now 7 - w(zs, V}, U) is the angle subtended at z;

by V;. By elementary trigonometry, this angle is less than ¢ 377, with ¢ independent
of j. Therefore

T _
(14.13) 2t < e3mo,
1]
Hence
1 e )
(14.14) m/le dr <c 37 (d52 + ).

The right-hand side is finite and independent of I.

It remains to prove the estimate on EX;. Fix e > 0, and j > 2. By Lemma 14.2,
B5 is not empty. (For those V; ¢ [0,1], B2 may be empty; part a) of Lemma 14.2
need not hold as stated because of the amalgamation of the large Whitney intervals
far from [0, 1] to form J.. However our argument can be modified to cover this
case.) Let B = By U By, and define F;, on Tj by

(1—5)%, x € B;

(14.15) F(z) = F(x) = {5 reT\ B

where § = ¢|T;|/|T; \ B| is chosen so that F' has mean value one on T;. A com-
parison of harmonic measure shows that |T};|/|B| is uniformly bounded for all j
and I. Therefore F is uniformly bounded above and below by positive constants
independent of j and I.

On B, X; > j+ 8. Then

1 / 1
— Xidu:—/ X, Fdx
w(T5) J, \T5| Jr,

J

> (+8)(1—e)+35 > (j+10-k) %
k=3
(14.16) B
> 41— -6 S (k-j-10) |Tk|
k=3+10 | |
> (j+8)(1—eg)—dc(N) > (k—j—10)3"
k—j=10

The sum is finite and independent of j. Hence, by choosing § (or equivalently ¢)
small enough in the definition of F', we may ensure that the mean of X;F with
respect to p1 on T} is at least some positive constant ¢, independent of j.
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To ensure that F' = 1 on suitable intervals at each end of I, we define F slightly
differently on T7. Specifically, let I; and I, be subintervals at each end of I. Then
7(I;) and 7(I,) are subintervals of V3, one on each side of J, and as close as possible
to J.; in other words, adjacent to K; U L U K,.. Choose the lengths of I; and I, so
that

(14.17) 7] _ 7T _3 4 q

2 ’
for some large integer ). The harmonic measure of W(E) U 7T(j;) in Ay, as seen
from z7 is a positive constant independent of I, since the domains Az, for different I
are all Euclidean dilations of each other. By a comparison of harmonic measure,
there is an n > 0 such that |I;| and |I.| > n|I| for all I. Now let

(1-— e)%, z € B;
(14.18) F(z)=1<1, x €Ul

5, J?ETl\(BUIlUIr).

Again, we choose ¢ so that F’ has mean value one on T;. Then

|I; U T, [T |
. o= (-~ U5 mrmorom 2
say, if @ is chosen large enough that |I; U I,.|/|T1| < /2. Therefore F' is bounded
above and below on 73 by positive constants independent of 1.

Notice that with this new definition of F' on T3, we can still make the mean
value of X;F on T greater than c¢;. For, just as for standard intervals, harmonic
measure estimates show that | By N (I; U I,.)|/|T1| decays exponentially in &, and so
the contribution from I; U I, to the mean value goes to zero as @) goes to infinity.

This completes the proof of Lemma 14.3. O

15. u 1S SUPPORTED ON L.(G)

Define the functions F,, as in Section 11 on all standard intervals I € H,,_1,
n > 1, and as in Section 14 on all non-standard intervals I € H,_1, n > 1, such
that J, = m(I) is the non-standard central Whitney interval in any component of
[0,1] \ K. Define F,, = 1 on the remaining grid intervals I € H,_1, n > 1; these
are exactly those I € H such that w(f ) = Joo. We have shown that the first two
types of these functions are (J,n)-suitable for all I € H,,_1, n > 1, where 6 and 7
are constants independent of I and n. This is also true when F,, =1 on I € H,,_1.
Therefore, by Lemma 6.3, the measures u,, defined by du, = F,(z)--- Fi(z)dx
converge to a doubling measure p on the circle.

Consider the random walk on the tree discussed in Section 4, where the vertices
in the tree are the Whitney intervals T in the boundary arcs |J,, A, of the half
fundamental domains in our tiling of the disc; V is the subset of vertices such that
7(I) = Ju (in other words, those intervals which contain orbit points g(0), g € G);
and the probabilities of jumps between adjacent vertices are determined by the
functions F,, defined above.

In this section, we first use the estimates FX; > ¢; and EXE < ¢9 established
in Sections 13 and 14 to show that a particle starting from any vertex v reaches
V(v) with probability one. Here V(v) is the set of vertices w € V below v such
that there are no other vertices from V between w and v. We conclude that the
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doubling measure p is supported on the set S of points which lie in infinitely many
grid intervals I such that w(f ) = Joo. Finally, we show that the conical limit set
of G contains this set S, which establishes Theorem 1.2.

Let v be a vertex in the tree, and Iy € Hs the corresponding grid interval. Let
V(Ip) be the collection of maximal grid intervals I C Iy such that W(f) = Js. We
show that the restriction of p to Iy is supported on V(Ip).

Recall that

logy [0y ] . @) i (@) #

1, otherwise,

(15.1) Xi(z) = {

that Sk(z) = Zle Xi(x), and that V(Ip) = {z € Iy | Sk(z) — +oo}. It is enough
to show that Si(z) — 400 almost surely on Iy with respect to p.

Let E;X; denote the mean value of X; on I with respect to u. We know that
|E;X;| < oo for all grid intervals I € H. This is because |E;X;| < Ep|X;| <
ErX? < ca, since X; is integer-valued. Define new functions )?1(13) on Iy which
have mean zero on each I € Hsy;—1 which lies in Ij:

Xi(2) = Xy (z) — By X

(15.2) Xi(z) = 3 (X;(z) — ErX;) xa(z),
IeHs4i—1,IClo

for i > 1, and let
(15.3) ’

where x € I; 1,1 > 1.

Then {gk} is a martingale with respect to u.

Also, EX? is bounded by EX2, which is bounded by ¢y. Therefore, by the
strong law of large numbers for martingales [Fel], §;€ /k — 0 almost surely on Iy
with respect to u.

Now let # be a point in Iy such that Sy(x)/k — 0, and let I; € Hqs; be the
interval containing x, for 4 > 0. Then

Sk (x 1<
k]i ) _ - ;Xi(x)
1 /o
(15.4) =7 z; (Xi(x) +E?fﬁlXi)
> %gk(x)—i—cl
>c1/2,

for all k sufficiently large that |Si(z)/k| < ¢1/2. Therefore Si(z) > c1k/2 for all
such k, and so Si(z) — +00. Thus Sj — +oo almost surely with respect to p on
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E B

FIGURE 14. P(I;) = E; lies in Cap = Cap (g,(0),1); E = E,_.

Iy. Since V (Ip) is exactly the set of points z in Iy such that Sy — +o00, this implies
that (V' (lo)) = p(lo).

Since a particle starting from any vertex v reaches V(v) with probability one, it
is now clear that a particle starting anywhere in the tree will pass through infinitely
many vertices in V', with probability one. (Note that we have now defined the only
jump probabilities which were missing; these are the probabilities of the jumps from
vertices in the subset V', and they are determined by the functions F,, = 1 on the
corresponding grid intervals.) Thus we have shown that the doubling measure
is supported on the set S of points in the circle which lie in infinitely many grid
intervals I = P(I) such that m(I) = Jo.

It remains to show that S'is contained in the conical limit set of G. We show that
there is a uniform constant ! such that for each orbit point g;(0) # 0, the Whitney
interval E which contains g;(0) projects to a grid interval P(E ) which lies in the
spherical cap Cap (g;(0),1) on g;(0). Then each point « € S lies in infinitely many
of these caps, and therefore in the conical limit set.

By definition, the tip of the leaf based at Jo is Ej_ = [1/9,8/9]. For each
gj € G\ {id} let A; be the orthocircular arc in (J,, Ay, which contains g;(0), and let
2; be the half fundamental domain below A;. Let F; be the fundamental domain
consisting of 2; and the half fundamental domain above A;. Let 1/5'; be the segment
of 0825, below g¢,(0), such that 77(1/5';) = Ej_. The endpoints of E; lie in OD. Then

P(I;) = Ej is the arc of 0D below E’; (with the same endpoints as E’;) See
Figure 14.

Lemma 15.1. There is a constant I > 0 such that for all j,

(15.5) P(;) C Cap (g;(0),1).
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Proof. By definition,

(15.6) Cap (9;(0),1) = {z € OD | dist (2, 9;(0)) < 1(1—|g;(0)])}.

Let z; = ¢;(0). Let b; € 0D be the endpoint of P(IAJ) which is furthest from z;.
We show that |z; — b;|/(1 — |z;]) < e

If b; satisfies |b; —z;| < 10 (1—|z;]), we are done. If not, let B; be the component
of 71([0,1]\ E;_) which has b; as an endpoint; and let B = 7(B;). See Figure 14
for one possible configuration.

First, |z; — b;| < cdist (z;, B;). For if a is any point in B; N 9JD, then |z; — b;| <
|z; — a|, while if a is in B; \ D, then a lies in one of the orthocircular arcs in 0F;,
and |z; —a| > clz; — bjl.

By Beurling’s lemma (see also (10.12)),
dist (25, 0F;)
w(zj, B, Fj)?

dist (z;, 0F;)
<c
w(m(z;), 7(B;), m(F;))?
—c dist (Zj, 8.7:3)
~w(oo,B,C\ K)?
cdist (zj,0F;)
¢ (1 —=1zl)-

dist (2, Bj) < ¢

(15.7)

ININA

|

We have shown that each point in D which is at the end of a path which
passes through infinitely many orbit points is actually a conical limit point of G, in
particular, that the orbit points on the path not only accumulate at the endpoint
but lie in some non-tangential cone based at the endpoint. Therefore the set S lies
in the conical limit set of G.

This completes the proof of Theorem 1.2.
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